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CHAPTER 1

Introduction

Wireless devices have become ubiquitous these days with everyone using cellular
and other personal communication systems like second nature. Faced with the de-
mand for high bandwidth data and multimedia services along with the requirement
of high reliability, wireless communication system design has received a fresh injec-
tion of research interest with the focus on supporting higher data rates. Since the
bandwidth available for usage remains a scarce commodity, alternative approaches
(i.e. more efficient usage of bandwidth) have been taken to improve data rates and
satisfy these demands.

The techniques used to provide multiple uncorrelated versions of the transmit-
ted signal to the receiver to facilitate the realiable information transmission over a
fading channel are called diversity techniques. Some of the commonly used diversity

techniques are:

o Time Diversity: The information signal is repeated in different time intervals
separated by at least the coherence interval (see [45]) of the channel thus
producing uncorrelated repetitions of the information signal. This is a form
of repetition coding which is trivial. Another method of doing this is to use

non-trivial channel coding with time interleaving.



o [requency Diversity: Transmitting the signal on different carriers separated in
frequency by at least the coherence bandwidth (see [45]) of the channel produces
frequency diversity i.e. the transmitted signals undergo uncorrelated versions

of the channel in different frequency bands.

e Space Diversity: Multiple antennas can be used to improve the received sig-
nal strength and produce what is termed space diversity. Signals originating
from different antennas (spatially separated by multiples of the wavelength
of transmission) are independent, thus experiencing fades at different times
and frequencies, so that the combined signal has a lower probability of being

attenuated beyond recovery.

A simple explanation of the idea behind using diversity techniques is the following -
suppose p is the probability that a signal is attenuated beyond recovery, and suppose
there are L branches of diversity. Then the probability that all L signals are faded
beyond recovery is p* < p. Wherever feasible, all possible diversity techniques
should be used for best performance.

One popular method for obtaining diversity has been to use multiple transmit
antennae and multiple receive antennae in the wireless systems, resulting in what
is known as Multiple Input-Multiple Output (MIMO) systems. Additionally, the
use of multiple antennas at the transmitter and the receiver has been shown to in-
crease capacity over that of single antenna systems also known as Single Input-Single
Output (SISO) systems. Thus MIMO systems (when used properly) are capable of
improving both capacity (higher data rates) and diversity (more reliability) for a
given application.

Although MIMO systems were known to improve diversity for a long time, it



wasn’t until 1995 that the capacity improving feature of MIMO systems were dis-
covered in [49] and [19]. These works showed that the capacity of a MIMO system
utilizing M transmit and N receive antennae in fading channels with channel state
information (CSI) available at the receiver, but not available at the transmitter,
grows as min{M, N}log(SNR) at high signal-to-noise ratios (SNRs) [49]. This led
to an implementation called the Layered Space-Time Architecture in [18] and gave
birth to the topic of space-time codes. The term space-time code refers to the use of
channel codes on multiple-antenna systems where channel coding takes place along
the time dimension (so that time diversity is achieved) and across antennas, i.e.,
space dimension (so that space diversity is achieved). The above results are valid
under the assumption that the receiver has perfect channel state information (coher-
ent reception) i.e., the receiver (somehow) knows the exact realization of the fading
process while the transmitter has no knowledge of the CSI.

In practice, coherent reception means that the coherence interval of the channel
is large enough that a small portion of it can be used to send pilot symbols that
will aid the receiver in the explicit estimation of the channel parameters. When
this is not true, 7.e., when the coherence interval is small, the receiver cannot es-
timate the channel path gains before they change to new, independent values. So
in this case, the receiver has to proceed without explicitly estimating the channel
parameters. This is called non-coherent reception. For the case of non-coherent re-
ception over a quasi-static MIMO block fading channel with coherence interval of T
symbols, [34,56] proved that the capacity grows as M*(1 — M*/T)log(SN R) with
M* = min{M, N,T/2} at high SNR.

This work deals with the problem of designing codes and receivers for the case

when both the transmitter and the receiver have no knowledge of the channel real-



ization. The rest of this chapter contains a description of the channel and system
model and the notation used herein, followed by a discussion of the fundamental
results from the literature under the two paradigms mentioned above. Finally a
brief discussion of our contributions in the form of an outline of this dissertation is

presented.

1.1 System Description

1.1.1 Channel Model

Consider a wireless communication system in which the transmitter has M an-
tennas and the receiver has N antennas. At the transmitter, one complex signal is
transmitted from each of the M antennas simultaneously in one channel use. These
transmissions are collected in to the row vector! XtT = [2¢1, ..., 20 The transmis-
sion from each antenna undergoes Rayleigh fading independently of the others and
the receiver antenna j receives a noisy superposition of these Rayleigh faded signals.

The received signal at time ¢ is modelled as follows:

M
ynj:Zwt,ihi,j+nt’j s jzl,...,N, tzl,,T (11)

i=1
Equivalently, collecting all the received values v, ;,7 = 1,2,..., N, into a row vector

y,;, we can write (1.1) as
vy, =x{H+n, t=1,....T (1.2)

In (1.1), the coefficients h; ; represent the path gain from transmit antenna ¢ to
receive antenna j. The path gains are modelled as independent samples of a complex
Gaussian random process with mean 0 and variance 0.5 per real dimension. This

is equivalent to saying that the absolute value of the path gain |h; ;| is Rayleigh

!Throughout this work, we use X, x, x", x*, and Tr(X) to denote matrices, column vectors,
vector transpose, conjugate transpose, and trace, respectively.



distributed and the phase is uniformly distributed over [0,27). It is assumed that
these path gains are constant for one block of length 7" symbol periods and then
change independently to another realization. This is the block independent fading
assumption.

The noise process n; ; is a realization from a zero mean white complex gaussian
process with variance 0.5 per real dimension. The noise process is assumed indepen-
dent from the fading process and independent across time (¢) and space (j).

The analysis is made convenient if a matrix channel equation is considered. The
matrix channel equation is formed by putting the observations of each antenna at
time t into a row vector y,' and stacking the T successive vectors as the rows of a

T x N matrix Y. The resulting equation in matrix form is
Y=XH+N (1.3)

where X € CT*M H € CM*N and Y,N € C™¥. The constellation is normalized

to obey the following power constraint:
E [Tr{XX*}] = T~s (1.4)

so that the average received signal to noise ratio at each receive antenna is -, ir-
respective of the number of transmit antennas M. At this point, the relationship
between the bit SNR (v,) and the symbol SNR (7;) is not considered to preserve
clarity. The bit SNR is calculated appropriately when coded systems are considered.

Through out this thesis, the channel is assumed to be unknown at the trans-
mitter. Also, unless otherwise mentioned, the path gains are considered unknown
at the receiver i.e. non-coherent reception. In the section that immediately fol-

lows, some fundamental results for MIMO systems, relevant to systems employing



coherent /non-coherent reception are discussed so as to prepare the reader with suf-

ficient background to understand our contributions.

1.1.2 System Model

The specific communication system model we consider in this thesis for moderate
- to - fast fading channels, i.e., for T'~ 5 — 50, is explained via the block diagram in
Fig. 1.1. For very fast fading channels, it is emphasized that a different approach is

taken that is explained in Chapter 4.

Outer Turbo-Like Code ~qqeq bits Space-Time Symbol Mapp
R.=*% Ry =+

AA A

Fading Channel
Y ¥

Demodulator/Estimator

Information bits
—_—=

Decision Soft
- | Outer Code Decoder Info

Figure 1.1: Block diagram of the wireless communication system.

The transmitter consists of an outer binary turbo-like code of rate R. = % and
an inner space-time code that maps [ coded bits into a space-time symbol spanning

, producing an overall rate

T complex dimensions (or channel uses) i.e., R, = &

R = £ (Dbits per complex dimension). As an example, we use Low Density Parity

k
T
Check (LDPC) codes [22] for the purpose of simulations. The outer LDPC code
produces long codewords whereas the channel remains constant for a short duration

(T =~ 5 — 50), so one binary codeword is encoded into multiple coherence blocks?.

2We thus obtain some time diversity.



The receiver is an iterative receiver that consists of a demodulator/estimator block
and an LDPC decoder. Specific demodulator designs will be presented in Chapter 2;
we however mention that in the proposed receiver design, no explicit estimation
is performed at the demodulator. These two modules exchange soft information
regarding the reliability of the bits and after a preset number of iterations the decoder
outputs decisions on the bits.

In the sequel we present some background results concerning both coherent and
non-coherent multiple antenna communication systems that will serve the reader well

in understanding the discussion that follows in the rest of the dissertation.

1.2 Background on Multiple-Antenna Communication

1.2.1 Coherent Reception

Considering the scenario that the receiver has the channel state information, ¢.e.
coherent reception, we summarize the capacity results in [49] and the performance
analysis in [48]. The input-output relation (M transmit and N receive antennas)
assumed for the following discussion is the same as in (1.1) Since it is assumed that
the receiver has CSI, there is no merit in considering blocks of transmission. Rather,

t* channel use

we consider the vector equation representing the transmission in
as in (1.2), where x;, € CM, H € CM*V  y, n; € CV. The assumptions about the

components of H and n; are identical to those in Section. 1.1.1. The power constraint

on the transmitted signal x; is changed to?
Ellxi[?] < 7 (15)

such that the received SNR per receiver antenna (irrespective of the number of trans-

mit antennas) is 7s.

3This reflects the transmission in a single channel use.



Capacity Results

For a given channel known at the receiver (i.e., given H), the mutual information
between the output and the input signal is maximized when the input signal (x;) is
a circularly symmetric complex Gaussian with a covariance matrix Q satisfying the
constraint in (1.5). In this case the output signal is complex Gaussian as well, and

the mutual information is given by:
I(ys; %) = logdet(Iy + HQHY) (1.6)

Since the transmitter is unaware of the channel realization, the signal x; that achieves
capacity is complex Gaussian distributed with covariance matrix, Q = %I, which
means, equal power from each transmitter antenna. Thus, the capacity given the

particular channel realization at the receiver, is:
C = logdet(Iy + %HH*) (1.7)

This capacity is actually a random variable because it is dependent on the particular
realization of the random matrix H. The average capacity (averaged over the channel

statistics) is given by:
Caverage == IEH [lOg det(IN + %HH*)] (18)

The evaluation of the average capacity is not easy for cases other than M = 1
and/or N = 1 but can be obtained in almost closed form (see [49] for the details).

From the average capacity, the following observations are made:

e Fixing M =1, and varying N causes capacity to increase logarithmically with
N. For large N, the capacity asymptotically approaches log(1l + N~s) in the

sense that the difference approaches zero.



e Fixing N =1, and taking M large, causes capacity to approach log(1 + 7s).
e For M = N, there is a linear growth of capacity with M.

The above results hold for the case when the channel is ergodic. When the channel
is non-ergodic, since the Shannon capacity is zero, a meaningful approach to evalu-
ating the theoretical performance of this channel is to consider the capacity of the
channel that can be supported with some outage probability. The outage probability
is defined as the probability that the capacity of the channel is less than a specified
‘bit-rate’. This probability obviously depends on the channel statistics. Such an
approach was adopted by [18] and [19] and they demonstrated that the capacity (in
bits/s/Hz), at say 1% outage probability, grows linearly with the min{A, N} for a
given total transmitted power.

These results provoked a lot of work in this area and motivated the design of a
Layered Space-Time Architecture by [18] to exploit the vast capacities achievable

when using multiple-antennas.

Performance Analysis

While capacity analysis provides a theoretical maximum achievable bit-rate, for
practical system design, one is concerned with error probability performance analysis.
The authors of [48] considered the probability that a Maximum Likelihood (ML)
receiver decides erroneously in favor of the matrix symbol X' = [z};] instead of
X=[zy] (t=1,....,T and i = 1,2,..., M) assuming that the latter was the actual

signal transmitted and perfect CSI is available at the receiver to obtain the following

upper-bound (1.9) for the average pairwise error probability

1 N
Pr(X — X' 1.9
=< (g Y
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where ); is the i*® eigenvalue (arranged in descending order) of the matrix A defined
as A = AA* in terms of the matrix A = (X — X’)". By construction rank(A) =
rank(A). If r is the rank of A then exactly r eigenvalues are nonzero and exactly
M — r eigenvalues are zero. For high SNR, (v, > 1) the following approximation

can be used:

1 —rN

Pr(X — X') < (H Ai) ' % (1.10)

From the exponent of the signal-noise ratio, the conclusion is that there are rN

branches of diversity (i.e., a diversity advantage of rN') and from the multiplicative

3=

factor there is a coding advantage of ([]i_; A;)7. The maximum diversity advantage
achievable is M N and is achieved when r = M i.e., A is a full rank matrix. (This

is under the assumption that M < T, otherwise the maximum diversity advantage

would be T'N.) This leads to the following design criteria:

e The Rank Criterion: In order to achieve maximum diversity advantage M N,
the matrix A has to be full rank for all pairs of signals X and X’ in the
signal constellation/codebook. If r is the minimum rank of A over all pairs of
signals X and X’ in the signal constellation/codebook, then the actual diversity

advantage is given by rN.

e The Determinant Criterion: If r is the minimum rank of A over all pairs of
signals X and X’ in the signal constellation/codebook, then the determinant
criterion advises that the minimum of the " root of the sum of all determinants
of r x r principal cofactors of A over every pair of signals X and X’ in the
codebook should be maximized. This has the overall effect of maximizing the

coding advantage involved in (1.10).
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These design criteria when applied to the design of M = 2, full rank space-
time codes, produce the simple delay-diversity codes (see [48]) which are but a small
subset of full rank space-time codes. More general conditions for designing codes that
possess full diversity and good coding advantages with PSK modulation formats were

derived in [25].
1.2.2 Non-coherent Reception

In this paradigm, the assumption that the receiver knows the path gains is re-
moved. Asin (1.3), the channel is represented as a M x N matrix and hence there are
M N complex path gains to be estimated by the receiver if it has to do coherent de-
tection. When the fading is fast i.e., T is small, (typical values being T' &~ 2—50), the
receiver cannot estimate the path gains with sufficient accuracy before the channel
changes again. The approach in this case is to detect the signals without explicitly

estimating the channel.

Capacity Results

The fundamental information theoretic results derived in [28,34,56] are summa-

rized below:

e The capacity for M > M* is equal to the capacity when M = M™*, where
M* = min{M, N, |T/2]}, i.e., there is no increase in capacity when the num-
ber of transmitter antennas M is increased beyond M*. This is a significant
result that is unique for the non-coherent communication scenario. The ca-
pacity growth was also found to be linear in where M*(1 — M*/T'), while in
the coherent communication paradigm, the capacity had a linear growth in

min{M, N} irrespective of the length of the coherence interval.
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e The structure of the input signal that achieves capacity is X = ®V, where & is
an isotropically distributed T' x M unitary matrix and V is a real non-negative
diagonal M x M matrix and ® and V are independent. An isotropically
distributed unitary matrix is one whose probability density is unchanged when

it is left multiplied by any deterministic unitary matrix and for which ®*® = 1.

e For M = N = 1, the capacity per dimension approaches the known channel

capacity asymptotically in T

e For T'>> M or for T' > M and v, > 1, setting V = T%I achieves capacity,
e. X = %CI) is capacity achieving. Such signal constellations are given the

name unitary space-time constellations.

The last observation above motivated the following (summary of) performance analy-

sis results [28] and the systematic design of unitary space-time constellations [29].

Unitary Space-Time Modulation and Demodulation

Consider a discrete constellation of unitary space-time signals are given by

T,
X; =/ A}@,,z:m,...,s.

where ®;, [ =1,2,...,5 are T' x M complex unitary matrices.

The pairwise error probability (in decoding X, when X; was the actual trans-

mission) has the Chernoff upper bound
N

1 M
s U | mrea (1.11)
M2 (1+T75)

This upper bound depends on the singular values 0 < dy; < dp1 < ... <d; <1, of
the M x M matrix ®5®,. The set of singular values represent the extent of correlation

between the subspaces generated by the columns of ®,and ®,. The pairwise error



13

probability decreases with any d;. From a further approximation of (1.11), the single

parameter that controls the performance of signal constellation* was found to be

M

§ =max ¥ d2 = max M| ®; P> (1.12)
A A LA

A good constellation has a small § over all distinct pairs of signals ®; and ®;,. A small
0 indicates a small correlation between constellation points - similar to maximum
Euclidean distance that guides the design of constellations for communication over
the AWGN channel. Therefore to generate good constellations, the following criterion

is used

min 6= min max M|®;®,| (1.13)

constellations constellations [#l’
A systematic and iterative procedure of generating unitary space-time constella-

tions [29] is as follows.

&, =0""'®, [=23...,5 (1.14)

where ®; = \/LT times a T x M matrix whose columns are M distinct columns of a 1" x

T Discrete Fourier Transform (DFT) matrix and © = diag(e'$41, ¢" 42 er§ur),
In practice, finding a good © i.e. finding the corresponding set {uq,us, ..., ur} so
as to to get the smallest ¢, is done using a random search, as there is no systematic

way of doing the minimization yet. A couple of observations regarding this approach

are:

e The particular construction technique imposes a circulant nature on the set of
the correlations achieved by any constellation. This is very convenient, as it

reduces the number of correlations to check from S(S —1)/2 to S — 1.

e The amplitude of each component of the T' x M matrix is equal to \/LT

4at high SNR
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1.3 Dissertation Outline

This dissertation is organized as follows: Section 1.1 above contained the channel
model and the overall system architecture which is used in the remaining chapters.
In Chapter 2, we consider various receiver algorithms for the case of non-coherent
reception and propose a novel family of low complexity, near optimal (with respect to
ML performance) soft iterative demodulator for pilot assisted transmission schemes.
In Chapter 3, we characterize the capacity achieving signal distribution for the non-
coherent fading channel. Motivated by our information theoretic foray into capacity-
achieving distributions for these channels, a sophisticated transmission/detection
scheme is proposed in Chapter 4, that promises gains up to 1.8 dB for very fast
channels with minimal added complexity. In Chapter 5, the idea of joint design of
modulation and coding for the non-coherent fading channel is presented and pair-
wise probability of error analysis for codes that span multiple coherence intervals is
considered. Finally conclusions and directions for future work are summarized in
Chapter 6.

A brief outline of our contributions in each of the above chapters follows.

1.3.1 Receiver Algorithms and System Design for Fast Fading Channels

Based on the information theoretic result that isotropically distributed unitary
signals achieve the capacity of the block independent fading channel under some con-
ditions, systematic methods for the construction of isotropically distributed unitary
constellations were proposed in [29] and [35]. Recently, these signaling techniques
were investigated in conjunction with powerful outer codes in [2]. We note that these
systematically generated unitary constellations result from high SNR pairwise error

probability bounds and have no algebraic structure and hence large receiver com-
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plexity. With this observation, we researched the existence of better constellations,
at least in terms of complexity reduction.

Our contribution in this topic involves the identification of the well
known pilot symbol assisted modulation (PSAM) scheme as the modu-
lation of choice for this channel. We also propose and prove the merit
of a family of near-optimal low-complexity (compared to ML) joint esti-
mation/detection receiver for a wide range of modulations exemplified by
the PSAM scheme. We concluded that the PSAM scheme along with the
proposed low complexity receiver outperforms the designs in [2] in terms
of both bit-error-rate (BER) and complexity. This is a surprising result,
since one can usually improve one or the other, but not both performance
measures. The proposed low-complexity algorithm is also compared with popular
receiver algorithms namely the Expectation Maximization-EM algorithm [9] and a
soft version of the Sphere Decoder [47].

Given the choice of PSAM scheme, the simplest receiver performs pilot-assisted
non-iterative channel estimation followed by coherent decoding. This reception
scheme, which has been investigated extensively in [20,42] is hereby referred to
as the Pilot-Only (PO) detection scheme. Another result in this work is the
proof of the equivalence between the PO scheme and an identical scheme
with perfect CSI at the receiver for MIMO systems. This equivalence
implies that analysis and code design for both problems is the same and
solving one provides the solution for the other system albeit at a different
signal-to-noise ratio. In other words, a system employing coding and pilot-assisted
estimation followed by decoding is equivalent to a degraded version of a system with

perfect CSI at the receiver.
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1.3.2 Capacity Achieving Signal Distribution

In [34], the unitary space-time constellations with a single amplitude were shown
to achieve capacity only at high SNR or when T" > M. At low SNR, there are,
possibly, constellations that do better than unitary constellations. For instance, [6]
considered signal constellations with multiple energy levels and show that their per-
formance in terms of frame error probability is better than that of the unitary space-
time constellations.

To gain a better understanding of the theoretical limits of this channel, we in-
vestigated the channel capacity of this channel with the emphasis on identifying the
input signal distribution that achieves this capacity. In Chapter 3, we prove that
the amplitude of the isotropically distributed input signal that achieves
the capacity of the block Rayleigh faded channel, has bounded support.
Additionally, we show through an information theoretic analysis followed
by numerical evaluations that, starting from a single amplitude scheme,
introduction of a zero amplitude mass point increases the mutual informa-
tion. In other words, transmitting nothing (keeping the antennas silent)
for some portion of the time is a better strategy than transmitting all the
time. In certain cases the portion of time for which the antennas should be kept
silent can be quite significant. Although the analytical tools are developed for the
SISO case, it is conjectured that the same is true for the MIMO case. Very recently
(concurrent to this work), [43] showed that for the block fading channel, the capacity
achieving signal distribution comprises of unitary signals but with discrete amplitude
levels. A number of related results for the IID (independent and identically distrib-
uted) fading channel i.e. T = 1, and also the closely associated non-coherent AWGN

channel have appeared in literature [14,39-41].
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1.3.3 System Design for the Very Fast Fading Channel

For very fast fading channels where one is forced to operate at low SNR and low
rates, one can choose either to ignore any correlation between successive symbols
and operate as if the channel experiences independent fading (7" = 1) at each time
instance or use the correlation between successive symbols and increase the achievable
rate. The first approach is a legitimate one if very low complexity implementations
are desired. However, as we show in Chapter 4, the potential loss for ignoring even
the small correlation which is present for very fast fading channels is significant.
Furthermore, from Chapter 3 and [14,39-41,43], there is ample evidence that a peaky
transmission in time (i.e., being silent for a significant portion of the transmission)
has potential performance benefits for various channels including the channel under
consideration. For instance, assuming that a fast fading channel can be adequately
modelled by a block-independent fading channel, we show that there is roughly 1.8 dB
to be gained by such peaky transmission for transmission rates of interest. Motivated
by this potential gain, we introduce a simple technique to obtain some of the
gain promised by information theory while adding minimal complexity to

the overall system.

1.3.4 Joint Modulation and Code Design

Although the observations made following (1.14) are inherent strengths of the
systematic constellation design technique, they might be restrictive when consid-
ered in conjunction with conventional codes®. Specifically the idea behind a joint
modulation and code design approach is to allocate resources so that there will be

maximum gain. A similar approach taken for the Additive White Gaussian Noise

Se.g. convolutional codes.



18

(AWGN) channel, led to the construction of asymmetric PAM, PSK and QAM con-
stellations that showed some performance gain over the symmetric version.

Taking a cue from this, we consider the joint modulation and code de-
sign problem in Chapter 5, with the hope that when they are optimized
together, the performance might be better than that when code design
and modulation design are considered separately. To this end, the exact
pairwise error probability for coded systems spanning multiple coherence

interval blocks is analyzed in Section 5.3.



CHAPTER 2

Receiver Algorithms and System Design for Fast
Fading Channels

In this chapter, we consider various receiver algorithms for the case of non-
coherent reception and propose a novel family of low complexity, near optimal (with
respect to ML performance) soft iterative demodulator for pilot assisted transmission
schemes. In particular for pilot assisted modulations we consider designing receivers
with increasing degree of sophistication. The first one utilizes pilots at the trans-
mitter and a simple non-iterative channel estimation algorithm at the receiver. We
show that these systems are exactly equivalent, in terms of performance analysis and
design, to appropriately “degraded” systems having perfect CSI at the receiver. The
second scheme utilizes pilots and a well justified and simple suboptimal iterative
detection/estimation algorithm. It is shown that when turbo-like codes are con-
sidered in conjunction with this transmission scheme and receiver algorithms, the
optimized unitary constellations investigated in the literature are inferior to simple
pilot-assisted constellations. The performance of the proposed scheme is compared
with some well known receiver schemes such as a soft Expectation Maximization
(EM) algorithm and a soft iterative Sphere Decoder.

Early designs for the non-coherent fading channel were based on the work of [34]

19
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who proved that for the case of high SNR or T' > M, signals that are isotropically
distributed and unitary (i.e., X*X = (T~s/M)I,; achieve the capacity of a block
Rayleigh fading channel. Systematic procedures for generating these unitary con-
stellations [29,35] involved pairwise error probability bounds for high SNR and the
asymptotic union bounds on the error probability. We refer to constellations gener-
ated by methods in [29] as systematically generated unitary constellations (SGUCs)
while the unitary constellations from [35] that were generated using the asymptotic
union bound (AUB) are referred to as AUB constellation. Before moving further, we
note that there are two basic disadvantages associated with these constellations: (i)
lack of structure, which means that an iterative demodulator has to sum over all the
possible signals in the constellations to produce bit reliabilities; (ii) the constellations
have been optimized with criteria that are valid at high SNR. However, when coded
systems are considered, other factors such as the number of “nearest” neighbors are
critical.

One might question the validity of using these constellations for the fast fading
scenario or for low rates and low SNR (as opposed to the constellations designed in [5]
for instance). These issues are deferred to the succeeding chapter and we continue
to use these single amplitude unitary constellations (SGUCs and AUBs) for the sake

of comparisons.

2.1 Pilot Symbol Assisted Modulation

The proposed constellations X C CT*M consist of 2! signals and the notation
X(by,...,b) is used to show the explicit mapping® of the | = TR,, bits to the

transmitted signal X.

IRecall the system model introduced in Section 1.1.2. The modulator rate is Ry, = % bits per
complex dimension and so | = T'R,, bits map a symbol to a block.
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Assumption A: We impose some additional structure on X by assuming that

X (szlot7 X;—am) (21)

The specific structure of X,ie € CM*M and Xgur, € CTM*M will be described
in later sections as the need arises. We emphasize that although a pilot transmis-
sion followed by data transmission is proposed, and a simple non-iterative estima-
tion/detection receiver (PO detector) is a natural choice, we will also propose a novel

low-complexity near-optimal non-coherent demodulator in the sequel.

2.2 Receiver Algorithms

In this section, we present the details of the receiver that is comprised of the
demodulator and the LDPC decoder (see Fig. 1.1). The LDPC decoder uses the
standard sum-product algorithm based on the bit reliabilities received from the de-
modulator. This message passing algorithm is well discussed in literature and for
the sake of brevity will be omitted here.

The demodulator has to provide the decoder with extrinsic information regarding
the l = TR, bits. For each bit b;, i € {1,...,1}, the demodulator generates a message
(in the logarithmic domain) of the form

=log > p(Y[X)p(b) —logpi(b)  be {0,1}, (2.2)
bib;=b
where p(b) = []\_, pi(b;) are the a-priori probabilities generated by the LDPC de-
coder (initially set to 0.5 each), and the dependence of X on b is implicit.
The following subsections deal with the description of the various demodulators

that interface with the LDPC decoder.
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2.2.1 MAP detection for the Non-Coherent Fading Channel

For the case when CSI is not known at the receiver, (2.2) can be simplified to the

following under the assumption that X*X =1;,, VX € X

<o 3 e (" gy o) lesnt) @3

Note that the expression in (2.3) involves summation over 27%= /2 terms, thus imply-
ing O(T R,,,2T1) complexity for the evaluation of all soft decisions. This complexity

can be quite prohibitive even for small blocklengths.

2.2.2 Pilot-Only (PO) Detector

With the modulation structure presented in Assumption A, as mentioned earlier,
the simplest detector is one that performs explicit estimation followed by “coherent”
detection. Such a detector is referred to as the PO detector in this thesis. In this
subsection, we analyze the statistics of the message that the PO detector provides
to the LDPC decoder. In the sequel we show that there is an equivalence between
PO detection and the ideal coherent detection under perfect CSI at the receiver.

For notational ease in the following analysis, we set the number of receive antennas
to N = 1. In this case, M of the T channel uses in X are utilized to transmit
pilot symbols to aid the receiver in performing channel estimation. Specifically, the
structure of the pilot and data part of X is set as follows (this is a specialization of

the structure in Assumption A)

pzlot \/7_17 IMv Xz—irata = (XM-l-lv S 7XT)’ (24)

where -, represents the energy spent on the pilot symbol transmission. This implies
the following structure for the received signal

yT = (y;—ilotv y;ll—ata) = ((yh s ayM)v (yM+17 s ny)) : (25)
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Note that x; € CM*! is the vector of transmitted signals in the i*® time instant. To
perform the following analysis, we make the additional assumption that

Assumption B: The total power radiated from all antennas at any time instant

during data transmission is constant, i.e., ||x;||* = ya,i € {M +1,...,T}.

Energy considerations force the following relation between T', M, v,, 74 and 4
My + (T = M)ya = T7s. (2.6)

The PO detector provides the likelihood information corresponding to vector x;,
based only on the observation y; and ypie. Denoting y; = (y;;lot,yi)T, the log-
likelihood function for the received signal conditioned on transmission of vector x;

(te{M+1,...,T}) can be written as

Qi,po = lOg p(ymlob yilXpiloty Xi) = lOg p(yl ’XZ)

= —log(7M ™ det(K;)) — ¥7K; 'y, (2.7)

where, K; = I + Xz-f(;‘ and Xi = (\/fy_p IM,xi)T. After some simplification

involving matrix inversion and determinant identities?, the above expression can be

reduced to
i =C + 2\/7_17 §R( y;XiTYpilot) _ Yp |XzTypilot|2 (2 8)
i,po L+ +7a <1+Vp)(1+7p+’7d>

where the constant C' is independent of x;.

2.2.3 Equivalence Between Pilot-Only and Perfect CSI Detectors

To analyze the perfect CSI detector, we remove the “no CSI at the receiver”

assumption and Assumption A and assign the following structure to the transmitted

2(A+BCD) '=A"'-A"'B(C'+DA'B)"'DA!
det(I+ AB) = det(I + BA)
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and received signal (again under the N = 1 receive antenna assumption)
X = (x1,X, ... >XT)T (2.9)
— T
Yy = <y17y27"-ayT) 9 (210)

i.e., the pilot part of the signal in (2.1) is also used to transmit information. Now
Assumption B is substituted by

Assumption B’: The total power radiated from all antennas at any time instant

is constant, i.e., ||x;||* = 5,1 € {1,...,T}.
At the i*® time instant, the conditional distribution of the received signal for a
given transmitted vector x; and a given channel realization h, is complex Gaussian

with mean x; h and variance 1. Thus the log likelihood function can be written as

Gic = log p(yi|xi, h) = —log(m) — |yi — x/ h?
= C' 4+ 2R(y;x;/ h) — |x; h|*. (2.11)
We now proceed with the proof of the equivalence between the PO and the perfect
CSI systems. First observe that in both (2.8) and (2.11), the constants C' and C” do

not depend on x;, and thus they do not influence the overall calculation of the bit

reliabilities. Under the coherent case, defining z; . < x.'h, (2.11) can be rewritten as
Gic = C/ + 2§R (y:zz,c) — |Zi,c|2 . (212)
Similarly, for the PO detector, setting

. 1
o (2.13)
1+ Yp + Yd

def f}/p T
Zipo = X, Ypilot (214)
" \/(1+vp)(1+vp+’m) !

(2.8) can be rewritten as

Gipo = C + 2R (Y Zi po) — \ziypof ) (2.15)
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Given that x; was transmitted, the random variables y; and z; . that determine the
statistics of the message ¢; . in (2.12) are jointly complex Gaussian with mean 0 and

covariance matrix K; . given by

L+ 7
Ki.= : (2.16)
Vs Vs
Similarly for the PO detector, under the assumption that x; was transmitted, the

random variables y; and z;,, that determine the statistics of the message ¢;,, are

jointly complex Gaussian with mean 0 and covariance matrix K; ,, given by

L+ 7
K, = , (2.17)
fyl ,y/
with
/ Vo Vd
Vo= T 2.18
1 + /Yp + Yd ( )

Comparing equations (2.12), (2.16) with (2.15), (2.17), respectively, we conclude that
the messages ¢; . and g; ,, have exactly the same statistics but at different SNRs. In
particular, a PO system (with non-iterative estimation) with parameters v, and -,
is equivalent to a perfect CSI system with parameter v given by (2.18). For more
than 1 receiver antenna, (i.e., when N > 1), the same equivalence holds since it is
clear that the messages ¢; . and g; p, Will be the sums of N independent terms of the
form (2.11) and (2.15), respectively.

This type of equivalence between the perfect CSI detection and the PO detection
schemes was initially shown through the computation of the actual message density
for M = N = 1 and assuming antipodal signaling in [21]. While the equivalence
is shown here through an examination of the statistics of the message exchanged in

an iterative decoding, a similar equivalence between PO detection and perfect CSI
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detection was shown in [7]. Also interesting to note is that the relationship (2.18)
comes up in the capacity lower bound evaluated in [26] showing the fundamental
nature of this result. An important implication of this equivalence is that analysis
for a given code can be performed once for the perfect CSI case; then for any PO
system with parameters v, and 74 (or equivalently v, and 7;) the performance can
be obtained from the corresponding perfect CSI system with +, given in (2.18).
Using (2.18) and (2.6), for a given 7, it is easy to optimize 7,, the pilot energy, so
as to get the largest .. An equally important implication of this equivalence is that
code design for both these cases is unified: a code that is optimal for the perfect
CSI channel will also be optimal when no CSI is available at the receiver and PO
demodulation/detection is employed to generate the appropriate bit reliabilities that
will be fed to the decoder. For instance, degree optimization of an LDPC code need
to be performed only once assuming perfect CSI. If this code is optimal in the perfect
CSI scenario, it will also be optimal in the non-coherent scenario under PO detection,

with the only adjustment being the pilot energy allocation.

2.2.4 Soft Expectation Maximization Demodulator

The EM algorithm introduced first in [9] is widely used in many digital communi-
cations applications as a low complexity receiver with good performance. The details
of the EM demodulator are described below. The channel model for a SISO system
employing antipodal signalling is the same as (1.3) except it is specialized to the case
of SISO systems. The only fact we wish to reiterate is that ~, (the pilot energy) and
va (the average data symbol energy) are related as 7, + (T' — 1)y4 = Tys where 7,
represents the average energy per transmitted symbol. While the final specializa-

tion of the results below applies to BPSK transmission, it is clearly easy to extend



27

this method to other modulation alphabets and we provide the starting points from
which the relevant equations can be obtained for higher order modulations.

The EM algorithm is an iterative procedure itself and involves the computation
of a new channel estimate h;, at the beginning of the k', k = 0,1,2,... iteration.

The Expectation step or (E-step) calculation is carried out as follows

Q(h7 hk) = Ex|y,hk {log(f(Y7 X, h} (219)
y — xh||?
= Exjy {——H No I Ihlz} (2.20)
N
=0 =YY |y — @b’ P(xly, ) (2:21)
x =1
N
== = |y — wih*Plaily, i) (2:22)
=1 x;
N
= 0P = [Iyl> = D> (@l 1hl® — 2R{y; 2:h}) Plasly, he)  (2.23)
=1 x;

where to get to (2.20), constants have been dropped.

The M-step involves maximizing Q(h, hy) with respect to h and setting the maxi-
mizing h as the channel estimate in the next iteration i.e. hyy1 = arg max, Q(h, hy).
Differentiating Q(h, hy) with respect to h and setting it to 0, we find

hoss — Z@]\Ll Zz R{y;z:i} Py, hn)
k1 =
L+ 50 |23, Plasly, hu)

Under the assumption that all signals in the modulation alphabet have equal energy

(2.24)

~a, we can simplify (2.24) as

Sty yi (2, 2 Plaily, b))

T, + 1

Risr = (2.25)

In either case (equal or non-equal energy signalling), P(x;|y, hx) is calculated using

Bayes rule as

Plaily. hy) = ZP (IZ('MMP)(P()) (2.26)
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For the special case of BPSK transmission, we can further simplify (2.23) and (2.25)

by converting to the log-likelihood domain, i.e. setting

Pz = \/aly, hw)

AR~ 1o 2.27
ot = 8 By = =y ) 220

P i =
/\i,apriori = lOg (x \/%) (228>

P(z; = —\/a)

and using (2.26), it is possible to rewrite (2.25) and (2.27) and can be re-written as

AR
VT S, y/Aatanh (S5 )y,
Ris1 = T (2.29)
Tvs+1 Tvys+1
Agilft — A Aa R{yhy + Nagriori i =2,...,T (2.30)

The EM algorithm is started by setting hy as the channel estimate obtained from
the pilot symbol, namely hy = % and then iterating between (2.30) and (2.29).
Niapriori 18 set to 0 (corresponding to equally likely input) for the first time the
EM algorithm is used. Subsequently the LDPC decoder provides fresh values for
i apriori- From the spirit of the algorithm it is seen that each EM iteration serves to
improve the estimate of the channel from both the pilot and the data transmissions
and subsequently coherent detection with the updated channel estimate is carried.
Hence the EM-detector is expected to perform better than the PO detector which is
a non-iterative estimation/coherent detection algorithm.

For more bandwidth efficient modulations such as QPSK, QAM and PAM, the
simplifications from (2.24) to (2.29) and (2.30) do not apply and slightly more com-
plex equations result. In the sequel, the performance of the EM algorithm is com-

pared to the other algorithms discussed in this section for the case of BPSK and

Pulse Amplitude Modulation (PAM) signalling schemes on a SISO system.
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2.2.5 Soft Sphere Decoder

The sphere decoder is a well known algorithm that was originally designed to
search for the MAP estimate in an efficient manner. However recently with the pro-
liferation of soft iterative detection modules, a soft sphere detector is well motivated
and the details of the soft sphere detector are presented below.

The channel model and set up is identical to (1.3) and is omitted here. Note that
for the sphere decoder to have reduced complexity, the transmitted signals have to
belong to a subset of a lattice [16].

Converting the observation vector to the real equivalent form, we have

(71 st ) - :i:i _;{Z} (71 5t )+ (2 5wy )

(2.31)

Due to the special nature of x, Y given x is normally distributed with mean 0
and covariance matrix 3 (xx* + Ir). The MAP detection rule for detection of the

transmitted sequence is as follows.

Xymap = argmax p(Y | X)p(X) (2.32)
= arg max log(p(Y|X)p(X)) (2.33)
TYYT
= argmax ————- + Zlog (2.34)
Ty TYYT
= arg min = XT%X+ 1 x Z_: log(P(zx)) (2.35)
T
= argmin Tt 1XT (PIn =YY ") x — Z log(P(zy)) (2.36)

X k=1
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where p = Tr (Y"Y)?. Defining

o X HX a
J(R, x) AP & o > log(P(x)) (2.37)
s k=1

and performing the Cholesky decomposition of H as H = R'R, where R is a real
upper-triangular matrix, we can rewrite the MAP detection rule as

TRT
. . . x R'Rx
Kpap = argmin u(R, x)MAP = argmin ————

— ) " log(P(x)) (2.38)

Le(k) = Ly(k) — La(k) (2.39)

(2.40)

x’“—zﬂ)) (2.41)

Thus in the computation of L4(k), instead of performing the metric computation
over all sequences in the code space, one can limit the computation to those terms
that contribute significantly to the exponent. In turn this means that only those
sequences that produce small metric in (2.38) need be searched over. The Fincke-
Phost algorithm or the sphere decoding algorithm is used to perform this, wherein

sequences that have

x'RTRx
-3 2.42
Trat 1 Z og(P (242)

for a suitably chosen r are stored and used. The structure of R allows an efficient
tree-search to be performed on the constellation. The choice of the radius r depends
in turn on the statistics of the RHS of (2.38).

Following [47], it is seen that % is x? distributed with 2(T — 1) degrees

of freedom. Notice that the ML metric detection rule is closely related to (2.38),

3Doing this causes H to be a positive definite matrix and hence Cholesky decomposable.
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since it is obtained by omitting the second term from (2.38). It is thus possible to

determine a radius 7, such that pu(R,x)ME = Tyi _HXRTRXT < r? with probability
(1 —€*) (let e = 0.1 say). If no solution is found inside a sphere of radius 7, then k
is incremented by 1 and the search is repeated in a sphere of radius 741, where ;11
is determined by a look up table of the x? distribution function. This goes on until
at least one solution is found so that the soft information can be calculated.

Note that for a given radius r, the second term in (2.38), being negative serves
to increase u(R,x)ME. Thus if p(R,x)M4” < 72, then pu(R,x)ML < r2. In other
words, for a given radius r, eMl < MAP,

Clearly, this technique of identifying a subset of all possible transmissions and
performing the required marginalization on this set, decreases the complexity of
the receiver. However, at low SNR there is a chance that the actual transmitted
sequence is not in the set of sequences satisfying (2.42). This could give some loss
in performance. However at high SNR, this is unlikely to happen and the sphere
detector can be expected to achieve the performance of the MAP detector with
cubic complexity [27] with respect to T R,,.

2.2.6 Near-Optimal Low-Complexity Iterative Receiver
Theoretical Background

Since in the PO scheme described earlier, non-iterative channel estimation/
detection followed by decoding is performed, it is expected to have poorer perfor-
mance relative to a receiver employing joint iterative estimation/detection. On the
other hand, the generation of optimal bit reliabilities as shown in (2.2) involves
summation over 278~ terms, thus implying O(T R,,27%") complexity for the eval-
uation of all soft decisions. This complexity can be quite prohibitive even for small

block lengths. To bridge the gap between the optimal detector and the simple PO
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receiver, we observe that the high complexity of the MAP detector is due to the
lack of structure of the modulations proposed in [29,35] and attempt to address this
by considering PSAM schemes as in Assumption A with some additional structure
given below.

Assumption Al: Consider PSAM constellations with the following structure

X;orilot = \/7_p1M7 X;lrata = ( S; e S;r ) (243)

where T'=tM (T is assumed to be a multiple of M), and all matrices S;’s have the
same structure. These S;’s are referred to as sub-symbols in the sequel. Note that
the assumption 1" = tM is not restrictive since in reality one is faced with continuous
fading with some given dynamics. In such case, the block size T" is a design parameter
that can be chosen as a multiple of M.

An example for the case of M = 1, is to transmit a constant first sub-symbol as
the pilot and consider a PSK based alphabet for the remaining data sub-symbols.
For systems employing multiple transmit antenna, some additional structure can be
used to obtain transmit diversity. As an example, for M = 2, T' = 6, we use the
well known orthogonal space-time block code - Alamouti code [1] - structures for the
sub-symbols so as to obtain diversity gain. The symbol X consists of t = 6/2—1 = 2
Alamouti sub-symbols S;, 7 = 2,3, each one of which is constructed from 2 PSK (or

QAM) signals a; and b; as follows
Si(asb)=a | , (2.44)

where « is selected so that the power constraint is satisfied.
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Description of Algorithm

We now describe a family of near-optimal joint estimation and detection algo-
rithms for the approximate evaluation of the A;(b) bit metrics in (2.2). The structure
assumed for the signal matrix in Assumption Al is essential for the algorithm de-
scribed below to have linear complexity in 7.

To aid the precise description of the algorithm, we introduce the well known
MAPSqD receivers for the coherent and the non-coherent Rayleigh block fading

channel, as follows

= arg mgxlogp(b) — Y — XH||2
t
= argmaxlog p(b) +2 > R{Tr{Y;S;H}} — |XH|” (2.45a)
=2

XN = p(b]Y)
= argmax A(X) (2.45Db)

where, A(X) Zlog p(b) + Tr{Y*X(I; + X*X)"'X*Y} — log(det(I,; + X*X))

where the structure of Assumption A1 is used in (2.45a), and Y' = [Y],Y,,..., Y]],
with Y; € CM*N | Tt is emphasized again that CSI is not available to the receiver
and the reason for introducing (2.45a) will be apparent in the description of the
algorithm.

The spirit of the algorithm (rather the family of algorithms) is captured in the

following statement.

Fact 2.1. The optimal maximum a-posteriori probability sequence detector [37, 58]

(MAPSqD) estimate (2.45b) for uncoded transmission of signals X € X with the
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property that X*X is independent of X over a non-coherent fading channel can equiv-

alently be found by

1. Turning the mazimization problem in (2.45b) into the double mazimization

problem

XN = arg Imax max A(X,H) (2.46)
H

where A(X, H) Zlogp(b) + Y — XH|? — |H|)?

2. Partitioning the space of channels according to the system of equations

~ ~

Note that the metric in (2.46) is decomposable into a sum of terms under

Assumption Al.

3. Taking one channel sample, say H,, from each set in the partition (obtained in

Step 2) and compute the set

T < {X,|X; = arg max AX,HY)Y (2.48)

4. Finding the sequence in T that has the mazximum non-coherent metric i.e.

S(NC) _
X arg max A(X) (2.49)

While the formal proof of Fact 2.1 is shown in great detail in [38], we provide
some explanation of this statement without delving into the details. The first step in
understanding this is that the maximization problem over the set of sequences can
actually be turned into a double maximization problem involving the channel real-

ization as well. The metric involved in this double maximization problem is closely
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related to the coherent MAP sequence detector (Step 1). By a simple change in the
order of the maximization, we find that for a given received vector, not all sequences
in the constellation are feasible under the coherent detection rule. This leads to a
partition of the channel space, such that all the channel realizations in a given parti-
tion always leads to a particular sequence in the constellation. The decomposability
of the signal constellation (Assumption A1) reduces the complexity of find this par-
tition of the channel space for a given received signal. Thus corresponding to the
partition there exists a subset of sequences in the constellation that can be proved
to be a sufficient set of sequences for the purpose of detection, in the sense that the
transmitted sequence is definitely in this set. The next step involves essentially per-
forming the maximization of the original non-coherent metric over the sufficient set
of sequences obtained above. The fact that this algorithm has polynomial complexity
in the sequence length is proved in [38].

Although Fact 2.1 has been stated for the case of uncoded sequences, for the coded
case employing iterative demodulation and decoding (similar to our assumptions in
Section. 1.1.2) when the demodulator is required to provide the outer decoder with
bit reliabilities, it is not necessary for the set of sequences determined from the
partition of the channel space to be sufficient. It is this observation that allows the

above algorithm to be used for the coded case as described below.

Fact 2.2. The soft decision metric for a symbol, i.e. \; = maxxecy s, A(X), can
be obtained by finding maxxc7 g, A(X), where T is the set T augmented by symbol

flipped versions of the sequences in T in Fact 2.1.

The main steps in the demodulator of the low complexity receiver for a PSAM

transmission scheme that obeys Assumption Al, are as follows.
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1. Take @ samples of the channel space {H;, ..., Hg}.

2. Assuming that H; is the channel realization obtain the MAPSqD estimates

X(C),i € {1,...,Q}, using the coherent metric in (2.45a) and extract the

(2

corresponding bit sequences b, . . . ,BOQ .
3. For each of 15?, t=1,...,0), do the following

(a) Evaluate the non-coherent metric implied by (2.45b) for b? (recall that

bY is a bit vector of size [). Let A? denote this metric.
(b) For each j =1,...,1 do the following

i. Flip the jth bit of bY resulting in the vector b?

ii. Evaluate the non-coherent metric implied by (2.45b) for Bf, denoted

by M.

4. At the end of step 3, there are exactly P = @ x (I + 1) bit vectors tested
B{, 1 =1,...,0Q, 7 = 0,...,], with corresponding metrics /\g, 1 =1,...,0Q,
7 =20,...,1. The final bit likelihoods are evaluated as follows.
For each k=1,...,l do

(2.50)

where I;Zk is the kth bit of Bf .

Several comments are in order regarding the above algorithm. First, looking at
the operation of this algorithm, steps 1) and 2) generate a set of ) coherent can-
didate sequences based on hypothesized channel estimates {H;}%, and the coherent

MAPSgD metric in (2.45a). It is these steps that can benefit from the structured
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modulation schemes as given in (2.43), since for a hypothesized channel estimate H,
the maximization in (2.45a) can be performed with complexity %ZM Fm instead of
2TRn that is required when using the generally unstructured constellations. It is thus
noted that this algorithm cannot be used effectively with the unstructured SGUCs
and AUBs.

The bit flipping process (steps 3a and 3b) has also been suggested in other prob-
lems (e.g., in [44]). In the present context though, this procedure has a strong the-
oretical justification since it is closely connected to an exact polynomial-complexity
algorithm for evaluating the bit-wise metrics implied by the min-sum algorithm [31,

36,37]. In particular, it was shown in [31,36,37] that one can partition the space

(CMXN SZMN)

of the unknown parameter H, using S hyperplanes into O( polytopes
with the following property. If we sample one channel realization from each polytope
and perform steps 2) to 4), the exact soft metrics implied by the min-sum algorithm
can be obtained. Furthermore, the number of required hyperplanes grows only pro-
portionally with 7', which implies an overall worst case polynomial complexity with
the coherence time T', regardless of the operating SNR. The details of this optimal
procedure are presented in [37]; this brief description is aiming at emphasizing the
strong theoretical justification of this family of algorithms.

Regarding the choice of () we note that its value clearly controls the complexity
of the algorithm since the number of candidate sequences examined is directly pro-

portional to ). The choice of @) is thus determined by complexity and performance

considerations.
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Choice of hypothesized channel samples

From Fact 2.1, the samples of the channel parameter H; are to be chosen such that
they each lie on unique polytopes [38] in CM*¥ and thus lead to different candidate
sequences. But this would mean that the partition of the channel space be carried
out. To avoid this, one can choose samples based on the particular modulation used

as is illustrated in the following examples.

Example 2.3. Consider a SISO system with block length T" employing pilot symbol
assisted BPSK transmission scheme. Let y; be the observation at the receiver for the
ith channel use. Consider the partition of the channel space (iz € C), the boundary

of which is represented by

i = hy/Aal® = |y + I/l (2.51)

Note that the LHS and RHS of the equation above are respectively the coherent
metrics corresponding to the transmission of /74 and —, /74 respectively. A simple
manipulation gives us the equation for the line that performs the partitioning of the

channel space
R{y:h*} =0 (2.52)

This can be done for each ¢« = 1,2,...T and the resulting lines can be plotted. For
even reasonably high SNR, the partition looks like Fig. 2.1. In Fig. 2.1, the dashed
lines are for different realizations of y;. For medium to high SNR, the lines are
concentrated along the perpendicular to y;. Thus in an effort to cover many distinct
polytopes without adding unnecessary complexity, 4 channel samples are placed on
axes rotated with respect to y;. However this would mean that the hypothesized

channel estimates vary with each channel use even inside a block. So to further
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Figure 2.1: Channel space partitioning for BPSK transmission and choice of the
channel samples for the proposed low complexity algorithm.
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simplify the algorithm, the channel samples are aligned with respect to the minimum

mean squared error (MMSE) channel estimate h. This can be compactly written as

~ ~ g2w(i—1)
hi =he @ .

We now consider a more elaborate example of the procedure employed to choose

the samples, using a non-equal energy modulation alphabet such as the 4-ary PAM.

Example 2.4. Consider a SISO system with block length T" employing pilot symbol
assisted 4-PAM transmission scheme. Again, let y; be the observation at the receiver
for the i*" channel use. Consider the partition of the channel space (ﬁ € C), the

boundary of which is represented by
|y — B$1|2 =y — }AWQ‘Q (2.53)

where x; € {£,/%,£3,/%}. When x, and x, have equal amplitude, a manipulation

of (2.53) leads to
R{y:h*} =0 (2.54)
However, when z; and x5 do not have equal energy, the partition is not described by

a line, but by a circle whose equation can easily be found as

2 |3/i‘2
= 2.55
16 (2.55)

2 Yi
h— 2
4

The circles and line defined by (2.54) and (2.55) partition the space of channels
into Fig. 2.2. Again with the intention of sampling as many unique polytopes as
possible, the channel samples are aligned with respect to y;. Due to noise however,
one would find many such circles and lines (shown in Fig. 2.2 as dashed lines and
dotted circles), all of them passing through the origin. To capture this random effect

due to the noise, the samples ho, hs, hs and hg are placed close to the perpendicular
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Figure 2.2: Channel space partitioning for 4-PAM transmission and choice of the
channel samples for the proposed low complexity algorithm.
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to y; and closer to the origin than hy; and h4. Note that the contour on which the
samples are placed is in the shape of an ellipse as opposed to the circle in Example 2.3.
The receiver’s performance has been observed to be very dependent on the placement
of these channel samples and hence requires optimization. To simplify matters, the
channel samples designed above, are aligned with respect to the MMSE estimate

of the channel so that they remain constant for each coherence block (as done in

Example 2.3).

We conclude this section by mentioning that the maximization operator in (2.50)

7

can alternatively be substituted by the “max*” operator?. Finally, it should be clear
from the algorithm description that its overall complexity for the evaluation of all

[l =TR,, bit metrics at the demodulator is linear in 7.

2.3 Design Examples

2.3.1 Receiver Comparison

We now compare the various receivers discussed above for the case of transmission
of pilot symbol assisted BPSK, QPSK and 4-PAM alphabets over a non-coherent

fading channel, employing single transmit and single receive antenna (SISO).

Pilot Assisted BPSK - SISO

We consider a channel with coherence time 7" = 11 and a SISO system employing
pilot symbol assisted (PSA) BPSK modulation. With one channel use devoted to a
pilot, the remaining 10 channel uses correspond to 10 data bits. The system employs
an outer rate 0.5, regular LDPCC with parameters (3,6), so that the overall rate is
0.4545 bits per complex dimension. The receiver algorithms considered are the PO,

EM, soft sphere detector, the ML demodulator and the proposed fast algorithm. The

“max*(z,y) = max(x,y) + In(1 + exp(—|z — y|) = In(exp(z) + exp(y))
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Figure 2.3: Receiver comparison for pilot assisted BPSK transmission in a SISO
system using a length 4000 (3,6) regular LDPC code. The coherence

time 1s 7' = 11.
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number by the side of each performance curve in Fig. 2.3 is the normalized software
complexity® of simulating that system. The PO receiver utilized optimal pilot energy
which was found through simulations (agreed with the predicted value from theory).
From Fig. 2.3, we see that as expected the EM-algorithm provides almost 1 dB
advantage over the PO receiver with only a marginal increase in complexity (1.55
vs. 1). The proposed fast algorithm employing the four channel samples as in
Example 2.3 provides almost 1.5 dB advantage over the PO detector and about 0.5 dB
over the EM-algorithm, but it does so at a complexity of 7.1 with respect to the PO
detector. However it is just 0.2 dB away from the ML-demodulator and the Sphere
Decoder, which have complexities 102 and 12.9 (at 6 dB) respectively. Note that the
sphere decoder’s complexity [47] depends closely on the operating SNR. At low SNR,
the sphere decoder is expected to collect more signals in a given radius than at high
SNR. Since the complexity is dependent on the number of sequences that are captured
in this set, the complexity is a function of SNR. This is illustrated through a plot of
the complexity comparisons between various receivers in Fig. 2.4. For instance, at an
SNR of 4.5 dB the sphere decoder’s complexity is 71. Overall, we conclude that the
proposed fast algorithm compares favorably in terms of performance and complexity

with respect to some popular choices of receivers for PSAM transmission scheme.

5The software complexity numbers were obtained by running a simulation of the system under
consideration and measuring the average CPU time taken to perform demodulation and detection.
These numbers have been normalized with respect to the complexity of a system having perfect CSI
(channel state information) or equivalently a system employing the PO receiver (since perfect CSI
receiver and PO receiver have identical complexity). The software complexity figures include the
code subgraph part and hence indicate the complexity in performing demodulation and decoding.
For a fair comparison all measurements were done for the same packet length and for the same
number of decoding iterations and on the same CPU and OS platform.
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Figure 2.4: Receiver complexity comparison for pilot assisted BPSK transmission
in a SISO system using a length 4000 (3,6) regular LDPC code. The
coherence time is 7' = 11.
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Pilot Assisted QPSK - SISO

We now compare the proposed algorithm with the PO, EM and the ML receivers,
when using higher modulation alphabets for the sub-symbols such as the QPSK mod-
ulation. We considered a SISO system on a Rayleigh fading channel with coherence
time T = 5. The overall rate was 0.8 bits per complex dimension due to the use of
an outer regular (3,6) LDPCC with length 4000. The performance of the various
receivers are shown in Fig. 2.5. From the figure it is apparent that the EM algorithm

0

10 ¢ T T T T T
10_1 T SRR EEE X : 3
10_2 o NG N —
Q r h
= ]
o
S
]
@
10 3 ? ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, _E
10’4 | -©— EM - 4 iterations —
F-| -8~ Fast Algorithm
|| @ PO detector
I —4— ML-Demodulator
L
55 6 6.5 7 7.5 8 8.5

E,/N, (dB)

Figure 2.5: Receiver comparison for pilot assisted QPSK transmission in a SISO
system using a length 4000 (3,6) regular LDPC code. The coherence
time is 7' = 5.

gains about 0.5 dB from the PO receiver while the proposed fast algorithm gains an-
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other 0.6 dB over the EM algorithm. The fast algorithm used ) = 6 channel samples
that were determined as h; = Ee%,i —1,...,6 where h is the MMSE estimate
of the channel that is easily determined from the pilot transmission. In comparison,
the ML demodulator which has much higher complexity is just 0.2 dB better than
the proposed algorithm. Whether or not this extra complexity is warranted for the
sake of the 0.2 dB gain is a question that is answered best by the application that it is

intended for. Nevertheless the merit of the proposed algorithm in terms of achieving

good performance with low complexity is well illustrated through this example.

Pilot Assisted 4-PAM - SISO

Although the algorithm is described for equal energy signals, we show its applica-
bility for systems employing non-equal energy modulations such as PAM. Specifically
we consider a SISO system employing a length 4000 regular (3,6) LDPCC and using
4-ary PAM modulation over a Rayleigh fading channel with coherence time T = 5.
Since each data sub-symbol carries 2 bits, the overall rate is 0.8 bits per complex
dimension. The various receivers compared are the proposed fast algorithm, the PO
detector, the EM-algorithm and the standard ML demodulator. All the algorithms
under comparison have to be modified to take into account the unequal energy be-
tween the signals. The performance of these receivers are shown in Fig. 2.6. The EM
algorithm gains about 0.6 dB over the PO detector, while the proposed fast algo-
rithm gains another 0.6 dB over the EM algorithm. Note that the fast algorithm is
actually 0.2 dB better than the ML. demodulator. This was a surprising result since
in terms of the demodulator, the ML demodulator performance is actually better
than the proposed algorithm, but seemingly the statistics of bit reliability is better

suited for the outer code for the proposed algorithm. The channel samples for this
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Figure 2.6: Receiver comparison for pilot assisted 4-PAM transmission in a SISO
system using a length 4000 (3,6) regular LDPC code. The coherence
time is T' = 5.
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case required optimization (via simulation) and the channel samples were chosen
such the hy; and hy had unit amplitude, while hs, hz, hs and hg had amplitude 0.1
(normalized with respect to the MMSE estimate of the channel - iL) Also ho, hg3, hs
and hg were placed symmetrically about the perpendicular to h and hy was placed
at an angle of 62 degrees with respect to .

The complexities of the various algorithms are indicated beside the correspond-

ing performance curve. Again we see that the proposed algorithm achieves a good

tradeoff between performance and complexity.

2.3.2 LDPCC Design

LDPC code design for all the examples shown below was done using the EXIT
chart [50] technique following the development in [53]. Fig. 2.7 shows the combined
transfer characteristics of the variable node decoder and the detector for various
values of d,, where the detector is the low complexity demodulator described in
section 2.2.6. The underlying system is a 2 x 1 channel with channel coherence
time 7" = 6 and QPSK with Alamouti modulation with overall rate 1 bit/ch.use.
The E,/N, for all these plots were fixed at 8.7 dB. It is noted that for d, = 1, the
combined detector and variable node decoder transfer function represents just the
detector’s transfer function.

As an example, the transfer characteristics of a code are plotted in Fig. 2.8. Also
plotted in the same figure is the average evolution of the mutual information quan-
tities during the actual simulation of the code at these signal to noise ratios. There
is some deviation between the tracking values and the predicted transfer function,
which we believe is due to the significant assumption about the Gaussian nature of

the messages. However our observation has been that these EXIT charts accurately
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describe the overall iterative decoder’s behavior as regards to whether or not the
decoding process converges.

It is seen that at 8.7 dB, the gap between the 2 exit curves is not sufficient
to allow the convergence of the iterative decoding process, but that at 9.2 dB, the
iterative process almost converges to (1, 1) implying nearly error free decoding. The
gap between the EXIT curves is called the EXIT tunnel.

Our goal is to optimize the variable and check node degrees so as to have conver-
gence in the iterative decoding process at the minimum ~, possible (close to capacity).
From Fig. 2.8, it is seen that to have convergence of the iterative process it is nec-
essary to have a wider EXIT tunnel. Thus code design is done with a view to have
the widest EXIT tunnel at desired signal to noise ratio.

The constrained capacity of this system was evaluated and it was found that
Ey,/N, = 8.45 dB is required to support rate 1 bit/ch.use. Hence, LDPC code
optimization design was initiated conservatively at Fj, /N, = 8.7 dB. The performance

of the best code thus found is shown in Section 2.3.3 and beyond.

2.3.3 Example: Rate-1 system

In this example we consider a 7' = 6 channel and operate with 2 transmit and 1

receive antenna (M =2 N = 1).
Perfect CSI and PO receivers

In order to investigate the performance limits of our receiver algorithms, we
considered a PO scheme with the first two complex dimensions used as a pilot and
the remaining 4 complex dimensions in the block used to transmit data. For diversity
gain, the Alamouti block code structure is used for the data sub-symbols. This is the

same construction outlined in the previous section. The same scheme is considered
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for the perfect CSI system where the pilot is replaced by another data sub-symbol.
The constituent signals in the sub-symbols come from a QPSK constellation. For the
PO system to have an over all rate of 1 bit per complex dimension, an outer code of
rate 0.75 is required. For this a rate 0.75 outer LDPC code was designed (optimized
using EXIT technique) for the perfect CSI scheme and its performance is plotted in
Fig. 2.9. Also plotted in the same figure is the performance of a PO receiver with the
same outer code designed above with 1—” =1 (0 dB). Using the equivalence relation
in (2.18), it is easy to compute the optimal z—z = 10%! (1 dB). The performance of
a PO system with this optimal «, which is also plotted in Fig. 2.9 shows the same
improvement of 0.13 dB as predicted by theory.

The large gap between the perfect CSI performance and the PO receiver perfor-
mance as seen from Fig. 2.9 begs the use of more sophisticated non-coherent detectors

to bridge this gap.
SGUC, AUB and PSAM construction

For an overall rate of 1 bit per complex dimension, three modulation schemes are
considered - SGUC, AUB and the proposed PSAM. The first two are unstructured
unitary constellations.

System design for this case begins by first identifying the combination of outer
code rate and inner modulation rate so that the over all rate of 1 bit per complex
dimension is achieved. It should be noted that it is straightforward to design a 2!-
ary SGUC or AUB for an arbitrary [, while using a PSK/QAM constellation with
Alamouti puts a restriction on [. This is a disadvantage of using the PSAM structure.

To achieve a target rate of 1 bit per complex dimension and for the outer code

rate to be in a reasonable range, three choices of [ were taken, namely [ = 7,8,9. This
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Figure 2.9: Performance of Perfect CSI and PO receivers (with and without opti-
mized pilot power). The complexity of both schemes is the same and it
is normalized to 1 for bench-marking complexity of subsequent schemes.
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leads to size 128, 256 and 512 constellations®. The corresponding outer binary LDPC

code rates are thus 6/7, 3/4 and 2/3 respectively. The low complexity receiver used

2w (i—1) A 72w (53—1)

@ = 16 channel samples chosen as h € {(izlej V@ hee V@ )Tli,je{l,....v/Q}}

where h = (hy, hy)T is the MMSE estimate of the channel obtained from the pilot
symbol.

The performance of the SGUC and AUB constellations are shown in Fig. 2.10.
For each code rate/modulation pair two experiments were performed. The solid
curves in Fig. 2.10 refer to the performance of a system employing 1 demodulation
followed by 20 iterations of LDPC decoding. The dash-dash curves indicate the
performance of a system employing 5 iterations of demodulation and 20 iterations of
decoding (each iteration of the demodulator is followed by an iteration of the LDPC
decoder). The first conclusion to draw from Fig. 2.10 is that the AUB constellations
are better than the SGUC of corresponding size at each iteration by roughly 1 dB.
This is expected since AUB constellations are highly optimized and understandably
much harder to generate than the SGUC for arbitrary sizes. The software complexity
of each system (normalized by the complexity of the perfect CSI receiver) is shown
next to its performance curve. For the sake of clarity, since the software complexity
for 512-ary SGUC is identical to that of a 512-ary AUB, the complexity numbers are
mentioned once for each modulation size and iteration number. Observing that the
receiver complexity for a size 512 constellation is roughly twice the complexity of a
256-ary constellation it is interesting to note that the system with (R,, 2') = (3/4,

256) has the same performance as the (R, 2') = (2/3, 512) system but with half the

6The SGUC constellations designed using the random search technique outlined in [29],
had the following parameters - 128 SGUC - (1,3) & (58,25,62,55,6,30), 256 SGUC - (1,5) &
(58,232,83,44,231,183), 512 SGUC - (2,4) & (97,406,247,368,389,502) where the first pair of num-
bers indicate the columns of the 6 x 6 DFT matrix used to create the first signal, while the second
string of numbers indicate the rows of the 2! x 2! DFT matrix whose second column entries form
the entries of the © matrix. See [29] for details.
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complexity. As noted above AUB constellations are better than SGUCs and hence
we use only the 256 AUB constellation for further comparisons with the 256 QPSK

PSAM scheme. Also, all subsequent comparisons are made at a BER of 107%.
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Figure 2.10: Tradeoff between performance and complexity through the choice of [.
Overall rate = 1 bit/ch.use.

In Fig. 2.11, the performance of the AUB and PSAM schemes, when operating
with 1,5 and 7 demodulation iterations and 20 decoding iterations are compared
(the PSAM scheme used in conjuction with the proposed low complexity receiver
is identical to the one used with the PO receiver in 2.3.3). It is seen that the first
iteration of the low complexity demodulator is better than the corresponding curve of

the AUB constellation by 0.7 dB. However for 5 and 7 iterations, the performance is
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comparable to the AUB. Indeed for 7 demodulation iterations, the AUB outperforms
the QPSK-PSAM by 0.2 dB. From the normalized software complexity of these
systems (indicated by the side of each performance curve), it is noted that such a
comparison in terms of fixed number of iterations does not take into account the

lower complexity of the receiver structure used for the PSAM scheme.

1
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S ¢ 256 AUB 1
® 256 QPSK PSAM |1
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— - 5iterations

.+ — . 7 iterations
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8 8.5 9 95 10 10.5 11 11.5 12 12.5 13
E/N, (dB)

Figure 2.11: Comparison of performance of the QPSK/Alamouti PSAM vs AUB
constellations, with same number of demodulation iterations. (7' = 6
channel with M = 2 and N = 1.) Q = 16 samples were used for the
low complexity algorithm.

To account for the receiver complexity, Fig. 2.12 shows the performance of these
three schemes with different number of iterations so that schemes with the same

complexity can be compared. In this figure, the numbers beside the curves indicate
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the number of demodulation iterations performed to achieve the complexity specified
by the legend. For a given complexity, it is possible to perform more demodulation
iterations for the PSAM scheme than for the AUB. At a complexity of 3.9, the
QPSK-PSAM with the low complexity algorithm outperforms the AUB by 2.2 dB,
while the performance gap decreases to 0.5 dB and 0.1 dB at complexity 6.2 and 11

respectively.

BER

¢ 256 AUB ]
® 256 QPSK PSAM |+
— complexity =3.9 |]
— - complexity = 6.2

- — - complexity = 11.0
\ \ I I

8 8.5 9 9.5 10 10.5 11 11.5 12 125 13
E/N, (dB)

Figure 2.12: Comparison of performance of the QPSK/Alamouti PSAM vs AUB
constellations, with same software complexity. (7" = 6 channel with
M =2and N =1.) Q = 16 samples were used for the low complexity
algorithm.

From Fig. 2.11 and Fig. 2.12, it might appear that there is only limited benefit

in using the PSAM scheme with the proposed low complexity receiver over the AUB
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constellation with optimal demodulation. However, this is only true due to the small
values of T"and /or rate R considered in this example. It is important to note that the
utility of the PSAM construction will become apparent when the operating rate is
increased (for a fixed block length) or when the block length is increased (for a fixed
rate). This is expected since the complexity of demodulating the SGUC and AUB
schemes grows exponentially in 7" and R, while the complexity of PSAM with the
proposed receiver grows only linearly. An example illustrating the effect of increasing

the rate for the same block length 7" = 6 is shown in the following section.

2.3.4 Example 2: Rate-1.5 system

For the higher rate of 1.5 bits per complex dimension using 2 transmit and 1
receive antenna over a 7' = 6 channel, a nominal code rate of 3/4 was chosen for
the outer code and this necessitates the use of an inner modulation of size 4096.
Random search for a 4096 SGUC led to the use of the SGUC with the parameters
parameters (1,3) & (443,220,359,3605,1661,1750). At the time of these experiments
we did not have large enough AUB constellations to compare the performance of our
PSAM construction. A 4096 point PSAM scheme is constructed using an Alamouti
scheme with constituent signals coming from an 8-PSK constellation.

The performance curves of the low complexity demodulator for 1, 5 and 10 it-
erations are shown in Fig. 2.13. Also shown in Fig. 2.13 is the performance of the
4096 SGUC employing 1 and 5 demodulation iterations. The LDPC code is 8400
bits long. For the choice of @) = 36 (channel samples were chosen as outlined in the
previous example), it was seen that the software complexity of the low complexity
demodulator is 10.1 while that of the optimal demodulator for a 4096 size SGUC

is 37.7. Due to its severe complexity, the performance of the 4096 SGUC system is
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shown only for 1 and 5 iterations in Fig. 2.13.
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Figure 2.13: Performance of the 8-PSK/Alamouti PSAM scheme and the 4096-ary
SGUC over a T' = 6 channel with M =2 and N = 1. Q = 36 samples
were used in the low complexity algorithm.

In this high rate scenario, the PSAM scheme (with 1 iteration) outperforms the
SGUC with 1 iteration while being almost a factor of 4 less complex. Performing 5
demodulation iterations has a complexity of 19 and 127 for the PSAM and SGUC
respectively while the performance improvement is 1 dB. The low complexity demod-
ulator for the PSAM scheme allows performing 10 iterations with only a complexity
of 29 and this improves the performance over the 5 iteration curve by 0.6 dB.

We note here that AUB constellation of size 4096 has the same demodulation

complexity as the 4096 SGUC and even if the performance is better than the SGUC,
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the high complexity of the demodulator dictates that the PSAM scheme be used.
Fig. 2.13 also shows the performance of a PO receiver with the PSAM scheme. It is
noted that the new joint estimation/detection receiver provides an advantage of 2 dB
over the PO receiver. We note that PSAM schemes can be further improved by using
8-QAM signals instead of 8-PSK signals in the data sub-symbols. These examples
clearly demonstrate the utility of both the low complexity receiver proposed herein

and the PSAM schemes investigated widely in the literature.

2.3.5 Example 3: Rate-1.0 system in Continuous Fading

In this example we simulate a continuous fading channel using an auto-regressive
(AR) model” with the pole at 0.99. This closely approximates a 7' = 6 channel since
there is strong correlation between channel realizations separated by 6 time instances.
Although the channel model was changed, the same receivers (which assume block
independent fading) were used in order to test their robustness in a continuous fading
regime. We report the simulated performance of the 256-ary AUB constellation and
the PSAM scheme (Q=16) from 2.3.3 on this channel in Fig. 2.14. With increasing
number of iterations, it is seen that the AUB gains about 1 dB over the PSAM
scheme.

We note that in a practical scenario, the structured nature of the PSAM con-
struction allows an optimization to be done over the block length chosen without any
change in the inherent modulation scheme, whereas SGUCs and AUB constellations

have to be generated from scratch if a new block length is chosen.

"hy = wo,h,, = 0.99h,, 1 + 1 —0.992w,,,n = 1,2,3,..., where w,, is CNV/(0;I,;) distributed

and i.i.d over n.
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Figure 2.14: Performance of the QPSK/Alamouti PSAM scheme and the 256-ary
AUB constellation over a continuous fading channel, approximated by
a T = 6 block fading channel with M =2 and N = 1. Q = 16 samples
were used for the low complexity algorithm.



CHAPTER 3

Capacity Achieving Signal Distribution

Chapter 1 introduced the capacity of the MIMO wireless channel under the two
cases of coherent and non-coherent reception. Particularly, in the non-coherent re-
ception paradigm, [34,56] have shown that isotropically distributed unitary signals
with an independent amplitude factor achieve the Shannon capacity of this channel.
These works also showed that at high SNR, the amplitude of these signals has a
single probability mass point.

However many digital communications applications particularly in wireless, deep-
space and satellite communications operate in a power-limited regime where both the
spectral efficiency (in bits/s/Hz) and energy per bit are low. It is well known that
MIMO communication techniques would be wasted in this scenario since the capacity
gain afforded by MIMO systems is significant at high SNR. There is thus both an
academic and a practical reason for the interest in characterizing the capacity of a
Rayleigh block faded channel, especially since at low SNR (and equivalently, when
operating at low rates), neither the capacity nor the signal distribution that achieves
this capacity is known.

Recent literature indicates an increasing interest in this problem. Smith [?]

showed that for amplitude and variance constrained scalar gaussian channels For

63
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a general class of fading channels, it was proved in [43] that when the input is con-
strained in such a way that E[||x||**¢] < a, (Ve > 0) then the amplitude of the input
is a discrete random variable that takes on finite number of values. It was conjectured
that the result would hold for e = 0 also. Subsequently in [23,55], the importance of
flash signaling for the case of peak limited Rician block faded channels as an optimal
signalling scheme for the wideband regime (low spectral efficiency) was established.
Very recently, the body of work in [24] indicates that with just an average power con-
straint for a Rayleigh block faded channel, the optimal input amplitude distribution
has bounded support.

Interestingly, the problem of characterizing the capacity achieving input distribu-
tion for the closely related non-coherent AWGN channel has been solved [32,33,39].
The optimal input amplitude distribution has been shown to be discrete and the
probability mass function has infinite number of mass points, one of which is always
at zero.

In the sequel we investigate the signal structure that achieves the capacity of
block-independent Rayleigh faded channel with only an average power constraint.

Consider a wireless communication system operating with one transmit and one
receive antenna, i.e. M = N = 1. The input-output relationship for the k' block is
given by (1.3) and the assumptions about the channel and the noise carry over from
Section. 1.1.1. Given x, y is complex gaussian with mean 0 and covariance matrix
K = Iy + xx*. The conditional density (after simplification using matrix identities)
is given by

1
1+ [Ix]12)

ﬂ) (3.1)

exp (<P + 250

p(y|X) = (W)T(

We operate in a power limited communication system, so the power constraint im-
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posed on the signal distribution is given by (in accordance with (1.4))
E[llx]*) < T (3:2)

where 7, denotes the average signal-to-noise ratio.

3.1 Signal structure that achieves capacity

The capacity is given by

C= sup I(x;y) (3.3)
E(|Ix|?)<Ts
where, I(x;y) / (y|x)p(x) log ((;;) dxdy (3.4)

C2T

From [34. Theorem 2], we know that the capacity achieving signal has the structure
x = xv, where x is an isotropically distributed unit vector (i.e. a vector whose
density depends only on the direction and whose norm is 1) and v is a real random
variable independent of X. Note that this is true even for the case 7' = 1. Thus the
density of x is related to the density of x and the density of v.

The following holds for all integer valued T'. The density of a unit isotropically

distributed random vector x is of the following form

-
p(%) = ———o(|x[* - 1) (3.5)
Similarly the density of an isotropically distributed random vector with amplitude v
is
(T -1)!
p(x[v) = T a1 5(]1x[* —v?) (3.6)

Therefore the density of x is
b9 = [ plxllp ()i
(T —1)!
- / T 2T—1 a(lx]1* = v*)pu (v)dv (3.7)
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and it depends only the magnitude of x and not its direction, i.e., it is circularly
symmetric. In order to completely determine the structure of x, we only need to

determine p, (v).

Lemma 3.5. For a circularly symmetric input x, the output y is also circularly

symmetric.

Proof. From (3.1), it is seen that for a deterministic unitary matrix ®, p(®*y|x) =

p(y|®x). Hence

p@y) = [ (@ yxpx)dx 33

- / Dy ®x)p(x)dx (3.9)

_ /@ Dy ®x)p(®x)dx (3.10)

= [, ptyon(oix (311)

=p(y) (3.12)

and the lemma follows. ]

Lemma 3.5 implies that conditioned on x being circularly symmetric, y is also
circularly symmetric, i.e., it depends on the amplitude ||y|| only. We can therefore
write p(y) = 27¢(v/2|y||) for some function ¢ : R* — R*, where the factor 27
has been introduced as a normalizing factor. Using this and the conditional density

in (3.1), we simplify the inner integral with respect to y in (3.4) as follows.

3.2 Simplification of the Inner Integral

Define U as the unitary matrix with the first row equal to ||XT|| and the remaining

rows orthonormal to each other and to x. Making a change of variables to y =
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\%U*SI, where y = [7,e”1, 52e?% ... yj7e?T]T, the inner integral with respect to y

in (3.4) becomes (after converting from rectangular to polar coordinates)

! /m.../m/ﬂ.../ﬂexp (_H5’H2+ 712 x||? )
(2m)" (1 + [Ix1*) Jo 0 Jor Jox 2 2(1 + |Ix|2)
oT

N R 1 i ~
(el = B o (@m0 + 1x2) — ostatis 1))

We substitute 32 = ||¥||> = S, %2 in place of 9, and let v/2||x|| = a, and integrate
over all remaining variables' but 7 and 7, the above integral can expressed as (after
renaming ¢ and 7; as y and y; respectively)

00 T—2
/ /y Yy (?ﬂ —y%) exp Yy
o Jo A+ )T -2\ 2 2 41+ %)

2

2 2

yia® r o a
ss 2 log(g(y)) — log ((27T) (1+ 5))] dyrdy  (3.14)

It is easily verified that the term outside the square parenthesis integrates to unity
and identifying it as the joint density of y and y; given a, i.e. as p(y,y1]a), (3.14)
can be written compactly as

2

lo ((2 )T(1+“))+ o’ /w/yy%( la)dy:d
- ™ 5 PR -5 Py, Y1la
g 5 i+ )y ), 5 P yila)dydy
oo ny oo Yy
—/ / 5p(y,y1|a)dy1dy—/ /p(y,ylla)log(q(y))dyldy (3.15)
0 0 0 0

Noticing that marginalizing p(y,y1|a) with respect to y; yields the conditional

density of y given a as pr(y|a), while a similar process with respect to y yields the

INote that / ) / dy = %
—

yeCr =2 |I3|I2<y?—yi
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conditional density of y; given a as p;(yi|a) where?

1 ﬁ n—2 _ 922 2 2
patvle) = STy p (1, Y (3.16)
() 1+ D)
v(n, x) 1 AP .
P(n,z) = ) = ) . t"eTtdt =1—e, 1(v)e (3.17)
en(r) =) = (3.18)
J=0 7

Lemma 3.6. With the conditional density p,(y|a) defined as in (3.16), we have the
following two identities

/‘fm@@=&+%z (3.19)
0

/OOO y'pn(yla) = 4n(n — 1) 4+ 8(1 + %2)(71 —1)+8(1+ %2)2 (3.20)

Proof. The proof of these identities is by straightforward integration — substituting

y2

v in place of 20 ) and interchanging the order of integration, it is easily seen
T
that (3.19) and (3.20) hold true. O

Using Lemma 3.6, (3.15) is clearly equivalent to

~tog (e 1+ 9)) = [ prtulo)togtatay (3:21)

By a similar evaluation of integrals, it is seen that if we let y = v/2||y||, then
p(y) =2"q(y) = /0 ) /«: _ P(y[x)p(x|a)pe(a)dxda (3.22)
= %QTW@) (3.23)

where pr(y) = [;° pr(y|a)ps(a)da. Combinig (3.21) and (3.23), the mutual informa-
tion (3.4) achieved by an input amplitude density p,(a) over the block independent

non-coherent fading channel can be written as

1) = [~ {08 (14 %) = [ prtotayios (2222

Zusing P(0,z) = 1.

) dy} pa(@)da (3.24)
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where ¢, = (2¢)"(n — 1)I. Calling the expression inside the curly parenthesis F},, (a),

the capacity of the channel thus becomes

C= sup /000 F,,(a)p,(a)da (3.25)

pa(a),E(a?)< 2T,

3.3 The I.I.D. fading channel

The channel model for this case becomes the complex scalar equation y = zh+n
where h and n are zero mean, unit variance independent complex gaussian distributed

random variables. The resultant transition density is

Xz _—1 ex _’y‘2
010 = e () 520

The capacity is given by

C= sup I(x;y) (3.27)

p(2),E(|x|?)<vs

= sup // (y|z)p log Pyl )da:dy (3.28)

p(z),E(|z]?)<vs ( )

Following Lemma 3.5, we conclude that given that x has its phase uniformly distrib-
uted between 0 and 27, the density of y depends only on its absolute value or length.
Equating p(y) = 2¢(v/2|y|), the inner integral in (3.25) can be simplified as follows

by using y = y1e”",

1 o[ _LQ y2
—7r(1 P /0 /_7T yre Tl (— — — log(m(1 + |35|2)) - log@(](\@yl))) dfdy

1+ |z)?

— log(2n(1 + |o?)) — —2 / " e T (Noy_jwmg( <¢§y1>>)d1

1+ |z)?

2 [e’) y2
= —log(2me(1 ) — —— 1 2 2
oe(zre(1-+ o) — o [ e (T ) ostatvVEn iy (329)
a? <y - y22 Clpl(y)
= —log(l 4+ — —/ e 20+%) o ( )d 3.30
g( 2) ) 142 e\ 7y y (3.30)

where (3.30) resulted from making the change of variables |z|?> = a?/2 and y? = y?/2.

It is easily seen that (3.30) is equivalent to the intermediate result in [15].
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3.4 Characterizing the Input Density

3.4.1 Kuhn-Tucker Condition

The constrained optimization problem in (3.25) is easily turned into an uncon-
strained optimization problem using the theory of Lagrange multipliers. Using the
Kuhn-Tucker Theorem, it can be shown that the optimal input distribution p} sat-

isfies
F, (a) < C+ A(a* —2Tv,) Va >0 (3.31)

with equality holding when a € A, where A is the support set of p?. Using the

definition of F},, (a), (3.31) can be written as

> pr(y) a? cr 2
/0 pr(yla)log (yQT_l) + log (1 + 5) + log(g) +C+ Aa*—2Tv5) >0

(3.32)
3.4.2 Bounded support

For the discrete memoryless Rician fading channel, it has been shown that under
an average input power constraint, the optimal input amplitude distribution has
bounded support [24]. We now extend this result to the case of block-independent

Rayleigh faded channels with the power constraint as in (1.4).

Theorem 3.7. For block independent Rayleigh fading channel with the average in-
put power constraint in (1.4), the optimal input amplitude distribution has bounded

support.

Proof. The proof is through contradiction. Assume that the input amplitude a has
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unbounded support. As in [24], we first lower bound 5 7). as follows

B — | prtlopoa (3.3)
> y2;2 /OO %{@P (T -1, %) p(a)da (3.34)
> e e (11, P [T (10 2) T 2yt

(3.35)
_ y271,26_2<1+yﬂj2/2> P (T —1, %) K, (M) (3.36)

where M can be chosen large enough that K, (M) is smaller than unity?®.
Substituting this into the left-hand side (LHS) of (3.31), we can bound the LHS
of (3.31) as

00 P(T — 1, A2M2 a2
LHS > / pr(yla)log < | dy+log(1+ )
0

1

_ erfyp, (M)
2+ M?

o0 c
/ y*pr(yla)dy + log( 5
0

)+ Aa? —2T,) +C  (3.37)

y2 M?2

o0 P(T -1, i==7) a2
= / pr(yla)log ( = ) dy + log(1 + %)
0

2T
2+ M?

- ) + log(%"(m) 9T+ C — (3.38)

2+ M?

y2 M2

. . . . P(T—Lm)
The first term in (3.38) is negative V a, since log T2 <0Vy=>0

and hence is upper bounded by 0. We next proceed to lower bound the first term

31t basically suffices that K, (M) be finite.
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in (3.38) as follows by first substituting u = y?/2,

o0 272
Gla) = | pr(yla)log S|y (3.39)
0 r (T -1 4(1+M2/2)>
1 2/9 T-2 0o 5, 2
= ( —{—2a /T)—l —(T —1) e 2+aZP (T —1, &2 log(2u)du (3.40)
(a /2) 0 2+a
(1+a%/2)T2 /OO _ 2w ua? uM?
@Ry e 22 P (T —1, 51 a2 log( P{T —1, SEVE du
(3.41)
1 2 2 T-2 4,
Qe ol +2a /T)_l (T'—=1) [ e 2" log(2u)du (3.42)
(a%/2) 0
(1+a?/2)T2 /°° _ 2 ua? uM?
(@21 ) e 242 P (T -1, —— Sy log( P (T 172+M2 du
(3.43)
(1+a?/2)T! 9
T (a2/2)T 1 e — (T —1)log2 + 108;(2 n aQ) (3.44)
(1+a?/2)T2 /°° _ 2 ua? uM?
@y ), ¢ TP\ T b ) lee\P\T - Lgge ) )2
(3.45)

where vg ~ 0.577216 is the Euler-Gamma constant. The second term in (3.45)
(without the multiplicative factor) is lower bounded so that an upper bound on G(a)

is obtained. Note that for large enough M, ;2 =~ u. Since we are interested in the

) 2+M

2
2+ 5 A u. Since

behavior of this term for a — oo, we again make the approximation 5

P(n,xz)log(P(n,z)) is a continuous function, it is possible to write

P(T—l 2+Z >1og (P (T—l,%)) — P(T =1, u)log(P(T — 1,u)) — ¢
(3.46)

for some small ¢ > 0. Observing also that f(z) = xlog(x),x € [0,1] achieves its
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minimum of —e™! at z = ™!, the second term in (3.45) is lower bounded as

B e
> ——(1<—526;22§3)_T1_2 (e7'+¢) /OOO e~ Tt dy (3.48)

Thus, overall

2 2\ T-1 2
(£5) (e-e —e-tone 0+ 5) (3.50)
a 2
o~ P(T — 1, #5)
< /0 pr(yla)log ( yQT_; )y <o (3.51)
and (3.38) can be written as

o\ T'—1 o\ T'—-1 2
LHS > (21—2{1 ) (ve—e ' —e—log(2" ")) + (1— <2+a > ) log(l—l—a—)

a? 2
1, cerK,, (M) oT
+ (A o M2)a + log( ) —2T Ay, +C SENTE (3.52)

Thus, when M is chosen large enough so that A > the right hand side

1
24+M?2"
of (3.52) diverges to oo when a — oo . This is a contradiction since from the Kuhn-

Tucker condition, the LHS of (3.31) is required to be zero infinitely often as a — oc.

Thus the optimal input amplitude is required to have bounded support. Il

3.4.3 Mass point at Zero

It has been conjectured [43] that with only a second moment constraint, the input
amplitude random variable namely a is mostly like discrete and has finite number of
mass points. As opposed to the high SNR regime, where single amplitude schemes
have been shown to achieve the capacity of this channel, we prove below that when
the input amplitude random variable a has mass at zero, the mutual information is

non-decreasing.
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Theorem 3.8. Under an average power constraint, for a block independent non-
coherent Rayleigh fading channel, starting from a single amplitude scheme, assigning
probability mass to a zero amplitude signal while maintaining the same average power,

does not decrease the mutual information.

Proof. The proof proceeds similar to the work in [39]. Let us assume an input
amplitude distribution specified by p = {0,1} and a = {0,a}. This corresponds
to an input alphabet that has constant amplitude a. Now consider a second input
amplitude distribution that is obtained from the first by assigning some probability
mass to the zero amplitude, namely p(z) = {x,1 —z} and a(z) = {0, \/%} (x >0).
Note that the non-zero amplitude in a(z) has been increased so as to maintain the

same average amplitude a. Proof of the claim lies in verifying that I(a(x),a(x)) >

I(p,a). Referring to I(a(x),a(x)) as I(x) in the following, we prove that d;f) le=0 >
0.
After some simplification? it follows that
T 2 2
dI(x) :10g<1+a_) S
I sy 7) 21+ %)
a’ > chT(y!a))
i —— ,a)log | ——— 3.53
e S (G (3.59
where
2 2 a?)2
y a (1+%)
— - 1 - - &7
(w0 { ( s (1+5) - s erla
(1+%)°
+ ﬁpﬂylo) = (T' = Dprs1(yla) (3.54)

The first two terms of (3.53) is easily seen to be positive since it is of the form

log(1 4+ u) — T4 Wwhich is positive for u > 0. Since it can be safely assumed that

1 2
2T —1,-y?/2

4pr(yla = 0) is obtained from p(y,yi1|a = 0) by marginalizing y;, as WV@/ >0
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a > 0, it only remains to be shown that the third term in (3.53) is negative. Using

Lemma 3.6, it is easily verified that

| sy =o (3.55)
0
| viwady=o (3.55D)
0
Note that
2
crpr(yla) _ cre”® y*a®
T = 5 971 — (3.56a)
2211 20+ %) (4(1 + %)
where,
gn(z) = 27 "e*P(n, ) (3.56b)

Using (3.55), the third term in (3.53) can be rewritten as

/000 f(y, a)log (%:W) = /Ooof(yﬂ) log (QT—l <4(fz—f;> e”/“ﬂ) (3.57)

for any A and p. Observe that g,(z) is an increasing function in x, Vn > 1. Note
that for any a > 0, there exist 2 positive numbers Y; and Y3® such that f(y,a) < 0

for y € (Y1,Y3) and f(y,a) > 0 otherwise. Choosing

YQ Y2a2 Y2 Y2a2
A= 55911 | - gt | (3.58)
Yy -y A(1+%)) VPP 41+ %)
Yfa2 . Y22a2
gr—1 4(1+§) gr—1 4(1+§) 4o

2,2

we can force f(y,a) and log (ng (4(11/;12)) e”“lﬂ) to have opposite signs for all y
T

except at Y7 and Y,, where both are identically zero. This forces the integrand and
hence the integral in the third term (3.53) to be negative. Therefore, I(z) is shown

to be an increasing function of x at x = 0 and the theorem is proved. O]

SWithout loss of generality, we can assume that Y7 < Y5
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3.5 Numerical Results

The simplifications of the mutual information expression to (3.24) allow us to
compute the constrained capacity of the SISO block fading channel numerically in

the following cases

1. Unitary Signal Constellations with Single Amplitude: Suppose a is a discrete

random variable that takes the value /2T, with probability 1. From (3.25)
and (3.24), we directly get the mutual information achieved by this input over

the channel (in nats) as

—log(1+T,) — /OOO pr(yla = /2T,)log (CTPT(W = 2T%)) dy (3.60)

2y2T—1

2. Unitary Signal Constellations with additional mass point at 0: Suppose a is a

discrete random variable that has two mass points, one at 0 (with probability
1 — «) and the other at A (with probability a). The amplitude A must sat-
isfy A%2a = 2T,. The constrained capacity when using such an input signal

distribution becomes

—alog (1 + Tf)
_ /OOO (apT <y|a = ﬁ) + (1= a)pr(yla = O)) log <%) d

(3.61)

Numerical evaluation (using Mathematica) of (3.60) and (3.61) give the con-
strained capacities of unitary constellations and 2-mass point constellations respec-
tively. Through these numerical evaluations, the minimum information bit SNR (dB)
required to achieve a given rate (bits/channel use) has been calculated for block

lengths T"= 1,2, 3,4 and the corresponding graphs are plotted below in Fig. 3.1.
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uted signals augmented by the zero symbol (2 mass constellations) with
optimized probability of zero.
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It is also possible to numerically optimize the probability a that gives the maxi-
mum achievable rate for a given SNR. For block lengths, T' =1, 2, 3,4, Fig. 3.2 shows
the probability of the zero symbol (found numerically) that maximizes the mutual
information. It is seen that the probability of the zero-symbol decreases with both

increasing SNR and increasing rate.

bded
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0.7

0.6

Optimal prob. of 0
o
a1
T

0.4

0.3

0.2

<>
<>
>

725

Rate bits/complex dim.

Figure 3.2: Optimal Probability of using the Zero Symbol vs. Rate for short block
lengths, T'~ 1 — 4.



CHAPTER 4

System Design for the Very Fast Fading Channel

While it was shown in [14] and [24] that the capacity achieving signal distribution
for the symbol-by-symbol independent fading® channel has some mass at zero. This
result is valid for all SNR values but is more pronounced at low SNR. In Chapter 3,
we proved a slightly weaker result that holds for block independent fading channels.
The result which was in two parts, says that (a) the optimal input is isotropically dis-
tributed, unitary and has an independent amplitude distribution that has bounded
support, and (b) starting from a single amplitude unitary scheme, introducing a zero
mass point to the input distribution increases the mutual information. Subsequently
numerical evaluation (Fig. 3.1) of the mutual information expression led us to con-
clude that for low rates (equivalently low SNR) and for very fast fading channels, the
use of modulation schemes that remain silent for a significant proportion of the time
is more power efficient than modulations that have signals with a single non-zero en-
ergy level?. We also computed the probability of zero symbol usage that maximizes
the capacity and plotted the same in Fig. 3.2. Interestingly, similar observations were
drawn for the closely related non-coherent (phase-noisy AWGN) block-independent

channel in [39,41].

!This holds for both Rician and Rayleigh fading channels
2for a given rate

79
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From these figures, it is apparent that for 7 = 2 and a target rate of 0.5 bits/c.d.,
using a signal constellation augmented by the zero symbol with the appropriate
probability of zero, it is possible to gain almost 1.8 dB over a system not utilizing
the zero symbol. For the T' = 3 and T" = 4 channels, this gain is around 1.0 and
0.6 dB respectively for the same target rate. Furthermore, it is clear that ignoring
the correlation between consecutive symbols incurs a significant loss. Indeed, at a
target rate of 0.5, the difference in the required Ej/Ny for a system with T = 1
and T = 2 is around 3 dB. These observations show a significant potential gain for
coding/modulation schemes that utilize constellations including the zero mass point.
Thus motivated, in the rest of this chapter, we propose a simple (and sub-optimal)
system for introducing the zero symbol in the constellation, that will enable us to

capture some of the potential gain.

4.1 Proposed Scheme

Consider frames comprising L coherence blocks. We choose to transmit zeros
in Ly € {0,1,...,L — 1} of them and unitary signals in the rest. This way we
achieve a zero mass point with probability po = Lo/L. There are (LLO ) ways to
generate such configurations. This implies that there are exactly my = log, ( LLO ) bits
that can be transmitted through the positions of the Ly zero blocks. The rest of
the information is transmitted through the unitary signal points. When L and L
are small, one can generate the bit reliabilities in an optimal way, as in (2.2). We
note that the performance of this method and the complexity of generating the bit
reliabilities according to (2.2) increases with L. In fact for large L the number of bits
that are transmitted through the position of the zero blocks is exactly log, (pOLL) R~

LH(po), where Hj(-) is the binary entropy function. In order to accommodate
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large values of L with reasonable complexity, we present in the following a simple
transmission /reception scheme. In Fig. 4.1, the basic block diagram of the proposed

system is shown.

decoded Code1 | decoded bits

. mode bits
mode bits Decoder
’H Code 1 \ /
info info
4\{ 7 L Zero softinfo

Modulator PIS ——=
source Parser sink

-

Code 2 Code 2

Demodulator/ -
Detector decoded bits

regular bits zero stripped
observation vector

V

Figure 4.1: Block diagram of system utilizing zero symbol.

The information sequence is split in two segments. One segment is encoded
using Code 1 as indicated in Fig. 4.1, and the resulting encoded bits determine the
position of zeros by determining which one of the ( LLO ) configurations is transmitted.
The other segment is encoded by Code 2 and the encoded bits determine the unitary
signals transmitted in the L — Ly blocks. Fixing the target rate is R.g and the rates

Ry and R; of Code 1 and Code 2 respectively, should satisfy the following equations

moRo + m1R1 = moLTReff (41)

Ry
LT Reg

fraction of information bits assigned to Code 1 = (4.2)

At the receiver, the observation vector is sent to a device called the zero-parser that
essentially compares the power received in the L blocks that make up the frame and
from the Ly lowest received power values, determines the configuration of the zeros in
the frame. This is the simplest and most naive method of determining the position
of the zeros. Having determined the output bits of Code 1, they are decoded by

the decoder of Code 1 to obtain the corresponding information bits (alternatively,



82

one can generate sensible soft decisions (e.g., the Ly lowest power values from the L
blocks can be fed to the decoder). The L — L blocks left that correspond to non-zero

transmissions are decoded using the techniques presented in Chapter 2.2.

4.2 Analysis of Proposed Scheme

Upon receiving the observation vector, the zero-parser forms the statistic

T oy 12
zjzzyylj’zl, j=1,...,L (4.3)
i=1

which is a measure of the power of the jth block. Under hypothesis Hy (zero trans-

mission occurred), z; has a chi-square distribution with 27" degrees and variance per

degree of = 1/T and hence has a characteristic function @, (s) = m Un-
0

der hypothesis H; (non-zero transmission occurred), z; has a characteristic function

D, (s) = (1—503)T31(1—sa§)7 where 02 = % + 1120 with 74 = Reg¥s.

The analysis of the capacity of such a scheme for general T', L and Ly is difficult
but for the case T'= 2, L = 2 and Ly = 1, the analysis simplifies as follows (M =
N =1 is assumed in the development for notational simplicity). For L = 2 and
Lo =1, i.e. py = 0.5 the channel output can be thought of as the difference between
25 and z;. Consider the case where the first block is used to transmit the zero point,
i.e. the configuration chosen was a [zero block, non-zero block] (denoted [0 1] for

simplicity). The characteristic function and the probability density function of the

difference z = 29 — z; is given by

1
o, = 44
00(8) = o2 — so2)(1 = 50 (4.4
0(2)+30'% z 1 z
1omrarr XP(7) — e 2 exp (7). ¢<0
F(z|[01]) = { et 5/ 205(0F+a) 3 (4.5)

o4

71 1
TT=oTerTenE P(—72) — rm exp(— =), 2> 0
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Similarly, the quantity f(z|[10]) can be found to be f(z|[10]) = f(—=z|[01]). For
illustration, the probability density function of z given that the zero point was trans-
mitted in the first block while a unitary space time signal was transmitted in the
second block is plotted in Fig. 4.2. From simulations, the histogram of the same den-
sity was plotted and was found to be identical to the ones plotted in Fig. 4.2. From
the same it is seen that with increasing signal to noise ratio, Pr(z > 0) also increases
indicating that the statistic z that is formed by the zero parser is reasonable. The
question to be asked at this juncture is whether this system has capacity gains over
the traditional unitary signalling schemes.

To simplify notation, consider the output of this channel to be the log-likelihood

ratio

&t log f(ZHOl]) = log M (4.6)

S (2][10]) f(==[[01])

The decoder of Code 1 can now operate with the soft inputs [ and thus, Code 1
can be a powerful turbo-like code. The capacity of the equivalent channel seen
by the zero-parser can be easily evaluated numerically using (4.5) and is denoted
by Co(T, s, L, Lo) (in bits per complex dimension). Assuming that a long enough
codeword is transmitted, any rate below this capacity will result in a probability of
sequence error arbitrarily small. This means that with arbitrarily small probability
the zero-parser followed by the decoder will identify the positions of the zero blocks.
Once this is done, the zero blocks are stripped from the frames and decoding of the
remaining coded unitary transmissions is performed. The resulting overall capacity
(in bits per complex dimension) can be written as

L — Ly
L

Clpt(Ta L) + CO(Ta Vs, La LO) (47>

Ciot(T, s, L, Ly) = =
- MO

where C1,(T,7s), the capacity of the single amplitude unitary constellation shown
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f(z|[0 1]) as a function of Eb/N0
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Likelihood function of z given transmission of zero in the first block and
unitary signals in the second block for various values of Ej,/Ny. Overall
rate of 0.5 bits/complex dimension is assumed.

Figure 4.2:
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in Fig. 3.1 via the dashed-dot curves. For a given ~y,, 7', one needs to optimize over
L e€{23,...} and Ly € {0,1,...,L — 1}. If the resulting capacity is larger than
Ciot(T,7s, L,0) = Cit(T,7s) and close to the two-mass-point capacity numerically

evaluated and shown in Fig. 3.1, then this simple transmission scheme is adequate.

4.3 Numerical Results

As an example of a practical scheme, we have numerically evaluated
Ciot(2,7s, 2, 1) when using a size 4 systematically generated unitary constellation for
the non-zero transmission. For comparison, we also numerically evaluated (through
Monte Carlo simulations) the capacity of a standard scheme using the same size 4
systematically generated unitary constellation. These results plotted in Fig. 4.3 show
that an 7y, = E,/Ny = 8.27 dB is required to support 0.5 bits/ch.use for the proposed
system, while the standard system requires 9.25 dB to support the same rate. Thus
even in a practical system, there is a 1.0 dB advantage in using the proposed scheme.

For the very fast fading channel, a 1 x 1 channel with a coherence interval of T' = 2
was considered. We observed through experiments that, the block independence of
the channel is not crucial to the performance of the receiver. This implies that the
schemes proposed in this chapter can be extended to the case of continuous fading
with almost no change in performance. It is noted however that this may not be a
good solution to the problem of combating continuous fading, since there is additional
reliability to be obtained about the bits transmitted in one block from the channel
observations in adjacent blocks.

From Fig. 3.2, we notice that the optimal probability of zero for a 2-mass system
over a channel with 7' = 2 is &~ 0.6. Accordingly, we designed a system such that the

probability of the zero symbol is 0.5. The simplest possible choice of L = 2, Ly =
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Figure 4.3: E,/Ny required for the above system when utilizing a unitary constella-
tion of size 4 in conjunction with the zero symbol. Also shown is E;, /N
required when utilizing the size 4 unitary constellation only.
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1 guarantees that the probability of the zero symbol is 0.5 while allowing us the
opportunity to compare our results with analysis.

We fixed an overall rate of 0.5 bits/ch.use. The system employing a single ampli-
tude constellation, used an optimized® rate 0.5 LDPCC (with 4000 information bits)
along with a 4 point SGUC across 2 complex dimensions. As shown in Fig. 4.4, this
system reaches 10~* bit error rate at 10.35 dB.

For the sake of comparison, the number of information bits transmitted per code-
word was fixed at 4000. Hence 1333 information bits were transmitted through using
Code 1 with rate Ry = 2/3, while 2667 bits were transmitted through Code 2 with
rate! Ry = 2/3. For the non-zero symbols, we used the same size 4 SGUC as men-
tioned above. This system reaches 1074 bit error rate at 9.8 dB gaining 0.55 dB in
performance over the single amplitude system. However the predicted performance
gain at the target rate of 0.5 bits/complex dimension is 1 dB. We observe that the
choice of L = 2, Ly = 1 is a possible reason for not achieving the predicted gain. It is
expected that increasing L and Ly = poL will improve the performance. Besides, the
fact that the receiver is inherently sub-optimal is another reason for the decreased
performance gain.

Nevertheless using the proposed simple scheme provides a gain of 0.55 dB without

any extra complexity and so has merit in practical applications.

3The code parameters are \(z) = 0.237613z + 0.2469782% + 0.193680z3 + 0.067187z" +
0.1245082% 4-0.0781342'3 4+0.0519012'4, p(x) = 0.3783142° +0.60754527 +0.0002982° +0.0138432°.

“Code 1 had parameters \i(z) = 0.365655x + 0.296262x2 + 0.08473023 + 0.2469002" +
0.0064532%, p1 (x) = 0.0736732°5 + 0.19400827 + 0.1507432° + 0.5815772%, while Code 2 had pa-
rameters Ao (z) = 0.265121z + 0.48505722 + 0.0239982° + 0.03194627 + 0.1050752° + 0.045764x'2 +
213 4 0.043039214, pa () = 0.0719692° + 0.13041927 + 0.0904242° + 0.7071882°.
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CHAPTER 5

Joint Code and Modulation Design

5.1 Motivation for Joint Modulation and Code Design

As A lot of work has been done in the design of good signal constellations, for ex-
ample - [28], [56], [29], [6]. Also, in [2], trellis-coded unitary space-time modulation
codes have been designed using the best signal constellations created in [29], while
turbo coded unitary space-time modulation schemes for multiple antenna systems
were designed in [3] and [46]. Though the SGUC’s have many convenient strengths
(as mentioned in Chapter 1), it was our opinion that these modulations might be
restrictive when considered in conjunction with coding. Specifically the idea behind
a joint modulation and code design approach is to allocate resources so that there
will be maximum gain. However, till date, no effort has gone into the joint design of
modulation and code for the non-coherent block fading channel when using multiple
antennas. For the case of the AWGN channel, a joint approach to the design of mod-
ulation and code was taken in [10-13]. These works led to the design of asymmetric
signal constellations for trellis coded modulation on the additive white Gaussian noise
(AWGN) channel and gains were seen over the conventional systems. An approach
of this sort has merit because essentially it is shifting resources to places where they

are needed i.e., the code can be used to protect from bad (high) correlations while

39
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good (low) correlations can be made better and used where the code does not protect
it (parallel transitions).

The concept of joint modulation and code design is introduced in Section 5.2
with a simple, easy to visualize example of asymmetric QPSK constellations in trellis
coded modulations for the AWGN channel. This concept is then extended to the
design of asymmetric space-time codes for the fading channel and specific examples
are discussed in Section 5.4. In all our designs, we do not optimize the modulation

size S from the capacity viewpoint.

5.2 An example for the AWGN case

For a trellis coded modulation (TCM) system on the AWGN channel, the max-
imum likelihood sequence detector selects the sequence closest — in Euclidean dis-
tance sense — to the received sequence. For soft decision decoding of convolutional
codes and trellis coded modulation, the maximum likelihood sequence detector is es-
sentially the Viterbi algorithm used to minimize the sum of euclidean distances over
all possible trellis paths. As an example (from [4.Sec. 5.6]), let us take a 2 state,
rate 0.5 trellis coded modulation system using 4-PSK signals. The 4-PSK signals
and their labelling are shown in Fig. 5.1(a). The overall rate is 1 bit/channel use.
The output label assignments (based on the Ungerboeck partitioning [54]) for the
corresponding TCM scheme are shown in Fig. 5.2. For a general TCM system, the
bit-error probability has the upper bound (using the union bound):

2(e)

N (5.1)

Py <> dNQ
l

where NV; is the number of error paths of length [, d,(ll) is the hamming weight of the

input sequence that produces the error sequence e of length [, and d? is the Euclidean
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(a) (b)

Figure 5.1: 4-PSK signal constellation and labelling. (a) Symmetric, (b) Asymmet-
ric.

Figure 5.2: 2 state trellis with output label assignment and length 2 and length 3
error paths.
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distance between the error sequence e and the 0 codeword. The values N, dg) and
d* are usually obtained by finding the transfer function for the particular system
(see [4]).

The asymmetric 4-PSK constellation of Fig. 5.1(b) is obtained by rotating the
signals 1 and 3 counter-clockwise (by the same amount) such that the phase between
0 and 3 is 6. By this rotation the distance d; between signals 0 and 1 is increased
at the cost of the distance d3 between signals 0 and 3. From this construction of
the asymmetric constellation, it is seen that any asymmetric 4-PSK constellation is
completely specified by the angle 6, where 0 € [0, 7/2].

For the trellis shown in Fig. 5.2, the transfer function mentioned above is given

by
NI?Dé+dt

T(N. 1, D) = YD 5.2
( ) 1— NID®% 52)
_ Z N1l pd3+d3+(1-2)d3 (5.3)

=2
0T (N,1,D) _ (I— 1)Dd§+d§+(l—2)d§ (5.4)

@N N=1,I=1 =2

For the code of Fig. 5.2, the upper bound for the bit error probability (as a function

of the asymmetry angle 6) is obtained from (5.4) as:

Pbgz:(l—l)Q \/d%+d§+(l—2)d§ (5.5)

2Ny

_ i(l 10 \/6 1 2c0s2(0/2) + (I — 2)2sin2(6/2) 56

1=2 2NNo
_Si-10 \/8 (- :;ﬁosm 6/2) 5

At high SNR, the performance of the system is determined by the d,, the

minimum FEuclidean distance between a simple error path and the all 0 codeword.
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From Fig. 5.2, it is seen that for this output label assignment, the square of the

minimum Euclidean distance is d?

2 =ds+d? =4+2+2cos?*(0/2) = 6+2cos?(0/2).
For the symmetric 4-PSK system (§ = 7/2) the minimum distance is 6. However,
since 6 + 2cos?*(0/2) > 6 for 6 € [0,7/2], the trellis code with the modulation in
Fig. 5.1(b) is expected to perform better at high SNR. If we also take into account
longer error events, then it can be shown that for [ > 4, in the asymmetric case, the
performance deteriorates. Thus there must be an optimal 6. The optimum value of
f can be found by minimizing the bit-error probability with respect to 6.

The upper bound is evaluated numerically from (5.7) and is shown for various
values in Fig. 5.3. There is an optimum 6 at each SNR and as it can be seen, there
is a gain of 0.6 dB at high SNR (107° bit-error rate) with the use of § = 7 /4.

Further, the approximation that the system performance is controlled only by the
minimum distance, motivates the following calculation of the asymptotic gain achiev-
able due to asymmetry. The distance d; is maximum when signals 1 and 3 merge
with 2 and 0, respectively, i.e., # = 0. Though this results in a catastrophic code,

it is an indication of the maximum gain achievable when asymmetric constellations

are used with the trellis code in Fig. 5.2. In this case d? = 8. Thus the

min,asymmetric

2

maximum gain is 1010g10(%) = 10log,o() = 1.25dB. It is noted that the
performance at low SNR is determined not only by the minimum distance, but also
the next couple of terms in (5.7) and also the number of error paths at this distance.
Since the distance ds is decreased in the asymmetric constellations, the next smallest
distances after d,,;, are lower than the corresponding ones in the symmetric case.
Therefore, at low SNR, the asymmetric TCM system is worse than the symmetric

TCM system. In order to get improved performance at high SNR, the performance

at low SNR is sacrificed.
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Figure 5.3: Upper bounds to the performance of the TCM system as a function of
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This potential gain in performance at high SNR is the motivation to design modu-
lation and code in a joint fashion for the fading channel. However there are significant
differences between the fading channel and the AWGN channel including the metrics
used by the Viterbi Algorithm. In order to understand the factors that control the
error performance, in the following we perform the exact pairwise error probability

analysis for various cases of M and N.

5.3 Exact Pairwise Error Probability Analysis

In the following, pairwise error probability analysis is done for the following

different cases
e M = N =1, general signal structure with power constraint (1.4).
e M > 1, N =1 using unitary space-time constellations.
e M, N > 1 using unitary space-time constellations.
e M = N =1 but different energy levels allowed.

The analysis done here is for codes that span multiple coherence blocks and is to
serve as tools for the joint design of code and modulation for the space-time channel.
The analysis is different from the single block analysis done in [28]. Very recently

results similar in nature were published by [35].

5.3.1 Pairwise Probability of Error derivation (M = N = 1)

Consider the discrete time channel equation (1.3) specialized to the SISO channel.
We consider the transmissions in L blocks and index the received observation vectors
with k, where k denotes the block index (1 < k < L). The conditional density of y

given xy, is given by (3.1).
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Specializing to the case of equal energy signals i.e. ||xz||?> = T7y,. Consider Y to
be a LT x 1 matrix obtained by stacking the received vector in each of the L blocks.
Let X be the matrix form of the transmitted sequence over the L blocks. Since hy
changes independently from block to block and since the noise process n; is white,

the probability density function of Y given X can be written as

p(Y[X) = H p(Yelxk)

L * *
= LT (1 4+ T,) (— 24 —y’fx’“x’“y’“) 5.8
1+ Ty Fexp (D (=l 05T (5.8)

k=1

The maximum likelihood codeword receiver does the following: Choose X as the

codeword transmitted if

L
X = arg max <Z ykxkxkyk) (5.9)

k=1

L
= arg max (Z ]y}ika) (5.10)

The probability of error in decoding X? given that X! was transmitted (pairwise

probability of error; denoted as Pr(X! — X?) is given by

L
Pr(X! — X?*) = Pr (Z vi(xx — xpxy ) ye > O|X1>

1

Let W ={k:1<k<Lxix3 #x;x;*} and |[W| = d;, denoting the Hamming
distance between the two sequences. Thus the above probability of error is

Pr(X! — X?) = Pr (Z yi(axy — xpx1 )y > 0|X1>
keWw

Let 2} = x;*yr, and 27 = x3*yy. Thus

Pr(X! — X?) = Pr (quzﬁ — |zi?) > o|xl>

kew

Obviously z; and z% are correlated complex gaussian random variables (because

they are linear combinations of the same jointly complex gaussian random variables).
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However, given X!, y; are independent over k so that zj and z2 (k € W) are dj,

independent and identical pairs of correlated random variables such that

Elz;|X"] = E[z{|X'] =
Elryzy X = Elxyeyexe X' = x (" + In)xg, = Tys(Tys + 1)
Elrpz X = Expyeyixi] X' = x5 (Txyx," + Nolp)xi = Tys(Ts| pwl” + 1)

Blrpay' XY = Bl yryixg [ X' = xi(Txpxy” + Nolr)xg = Tyspi(Ts + 1)

where pp =

TN

Ty (Tsl k> + 1) Tyepr(Tys + 1
sl F (xi 1*)X1: Vs(Tslowl® + 1) Tyspe(Ts +1)

Ly,
T T”YsPZ(T’Ys + 1) T75<T78 + 1)

T

Let the random variable z be defined as

e =) a= ) (P~ |uif)

keWw keWw

By finding the characteristic function of z; and multiplying over k£ we can get the
characteristic function ®,(s) of the random variable z.

The characteristic function of (|z%|? — |z4|?) is found as

O, (s) = FElexp(=s(|z}]* — |z;[*)]
—1
Tys(Tslpr)? + 1) Tryspr(Trys + 1) 1 0
= Ig + s
Tepi(Tys + 1) T (Tys + 1) 0 —1
B —1
N 1 2 2
T2 (Tys + D1 = [pel?) [(8 + —2(T'ys+1)> - “k}
—1

Ak(s — ) (s + pr)



98

where

Ap = T2 (Tys + 1)(1 = |pel?) (5.11)
1 1
2
= + 5.12
M= W17 T T, + DA = el (5:12)
- ! (5.13)
1
= + —— 5.14
Pk = Mk 2(T75 i 1) ( )

and the ROC is given by —pp < R{s} < q.
The probability density function of z can be found by inverse Laplace transform-
ing the characteristic function of z. Since we are interested in Pr(z > 0), we get for

z >0,

ZRGSS——M{ * H Ak; S_Qk S-H%)}

lew

The residue can be easily evaluated for the 2 cases — (i) when each |p| is different
from the other and (ii) when |px| =p V ke W.

Case (i) Each |px| < 1 is different from the other

In this case the density of z for z > 0 is

> e 1 1
o Ao+ a) | g, A(as + ) (k= 1)
The probability of error is evaluated as
e 1/pi 1
Pr(X! — X?) = flx)dx = _
0 ;,Az(meql) kegf#l Alar + ) (Pe — 1)
B 1 1/p 1
(I05) 3 (6 0, =)

(2T + 1) 1 1
T T (= 1P) Z(?u?+ = Q—ﬂ?> o

lew Tys+1 keW, k£l o

e~ ey B Y  CAD)

2
V2 5 2Ty + Dy + W1
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Case (ii) |px|=p<1 V k=1,2,...,L

Since all |px| = p for k € {1,...,L}, Ax = A, . = p, pr = p and ¢ = ¢ for

k€ {1,...,L}. The probability of error in this case is

1 \"N f2dy — 15\ (p+q)’
Pr(X' — X?) = " i
X=X (4Au2> ;( dp —1 )( p >

_ Ty, +1 an
T2 = p?) + AT, + 1)

d , i A\’
Zh: (2dh —-1- J) 21+ =iy (5.17)
G S\ A

J=1

5.3.2 Pairwise error probability for Multilevel signal constellations (M =
N=1)

An interesting problem is to generalize the above probability of error expressions
for the case when the energy per coherence interval is not restricted to be equal in all
blocks. In this case the decoder’s decision rule will change and the derivation above
has to be redone.

Consider the case when the signal energy in a block can be one of two levels,
one of which is 0 and other non-zero. Assuming that the proportion of the number

of zero energy blocks to the number of non-zero energy blocks is fixed, say py, we

Ts
1-po

can set the non-zero energy level to be , so that the average energy over time
is Tvs. With this assumption, we can simplify the maximum likelihood decision

rule by canceling the multiplicative factors outside the exponential term in (3.1).

The pairwise probability of error for such a receiver in decoding sequence X? when
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actually sequence X! was transmitted is given by the expression

L " " . .

Z AT+ 1+ [P

L
=Pr (Z |z7|? — |op|* > 0) where,
k=1

z? = L (I
1+ [[x; 2
1%
and :101,1€ K Y ykl -
1+ [[x, ]|

As seen int he previous section, zj and z7 are correlated jointly complex gaussian
random variables (because they are linear combinations of the same jointly com-
plex gaussian random variables). Given that X! was transmitted, however y; are
independent over k with the effect that x}, and 22 with k = 1,2, ..., L are L indepen-
dent pairs of correlated random variables with mean 0, and the following covariance

matrix.

TRl o, TR oo
B < . 1*) _ 22 P\ TEeE |

8
N

3z =
k k 1|2
1 * 1+ka” 112 1% /
) sy TR [ ¢t b
x2*x1 . . - .
where pj, = “i—%. Letting 23, = |22|* — |x}|?, the characteristic function of z; can be
Ts k kl o

calculated as

1
(I)Zk(s):
a 1 0
I, +s
A* v 0 —1

1
(14 sa’)(1 — sb) + s2|c)?

Now a’,b/, and ¢ take different values under the following 4 cases and hence the

respective characteristic functions for z are
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1. When [jx{[* = [Ix¢]* = =%

1-po”’
1
@, (s) =
(a—b)++/ (a+b)2—4|c|? —(a—b)++/ (a+b)2—4|c|?
(|e|? — ab) (S - 2(|c[Z—ab) ) (5 + 2([c[>—ab) )
where
T2 el + 12 T,
a = 1 Ts ’ b= 1 — ) C:T’Yspk
+ 1 Do
2. When <2 = 0= p and [ 2 = L2 @2 (s) = 1t
po g 1+s 1=po+Tvs

3. When [|x}[|* = 0 = py and [Ix}|* = 725, @2 (s) = '

4. When [|xg[|* = pi = [[x;[|* =0, @, (s) = 1

Let M; C {1,2,...,L} denote the indices of the blocks in which case i happens,
with the obvious restriction that |M;| 4+ |Ma| + |M;| + |M4| = L and M, are disjoint
sets. The overall characteristic function for z £ Zé:l 2, 18

@.(5) =[] [T 246

j=1ieM;

1 | M| ] | M3
= ——— _ ! (s)
Ts Ts H 2k
(1 + Sl—polTvs ) (1 o Sl—vpo ) keM;

fz(2) = %/exp(sz)@z(s)ds

— Z Res{exp(sz)®.(s)}

-ve poles

Pr(X! — X?) = /000 fz(2)dz

= Z Res{ ®-(s) }

S

-ve poles

It is emphasized that the main difference (between the fading channel and the
AWGN channel) is that the aim of the Viterbi Algorithm is to maximize a sum of

quadratics in the received signals (5.9) and not to minimize the Euclidean distance
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between the received sequence and valid sequences. Thus in the following section
related to the design of asymmetric unitary constellations, it should be emphasized
that correlations (between subspaces spanned by the columns of the transmitted

signal) and not Euclidean distances are considered as the distance notion.

5.3.3 Pairwise error probability (M > 1, N =1)

We now consider a systems operating with M > 1, N = 1, so that the trans-
mission is now a matrix Xy, where k& € {1,2,...,L}. An assumption made to
simplify analysis is that X} is signal from an unitary space-time signal constellation.
Proceeding in a fashion similar to the last section, the pairwise error probability
in deciding on a sequence X* = (X% ... X2 ... X?) instead of the transmitted

sequence X! = (X1,...,X3,...,X}) is found to be

Pex! ) e (it - Xt 0

kew
= Pr (Z(HXZHQ = lI=il*) > O|X1>
kew
:Pr<Zz}ZJzk>0)
kew
where x;, = X}*y; and x; = X3*y; are column vectors of length M, and
Xz IM 0
Zp — ,J =
Xl%: 0 —IM

The covariance of z; is given by the 2M x 2M matrix

[ FEOe ) (4

k

1+ 5)5CE T+ )y
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X2 X} _r . . . .
where Gy, = 72737 The characteristic function of such a Gaussian quadratic (zj J z)is

T
given by
1
d —
W) = TSR]
B 1
s(1+4 D) De o L(1— sTy(1 4 L))
B 1
I (25 (14 B) O = 1)+ 55O - 1) +1)

1
T AP — ) (s + )

The simplification of the determinant was obtained by using the determinant identity,

(5.18)

= |D||A — BD'C|

and subsequently performing the eigenvalue decomposition of C;C} as U® AR UK+
where A® = diag(A\" AP AW, A§ ) pl p] ) and qj ) have forms similar to the

expressions in the previous sections. The probability of error is thus

1
Pr(X! — X?) = Z Res S_p(k,){ } (5.19)

(k) k
p*750 s Teew T AP (s — ) (s + 67

5.3.4 Pairwise probability of error - MIMO case

Adding another spanner into the works, we try to do a performance analysis
similar to the first case of block independent Rayleigh fading with constellations of
the unitary space-time codes for the MIMO case. Specifically we consider M > 1
transmit and IV > 1 receive antennas. A space-time signal is said to be transmitted
in the £ block when a complex matrix Xj, is transmitted from the M antennas.

Letting the suffix j and the superfix (k) denote the ;' receive antenna and the k™
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block, £ =1,..., L, respectively, we rearrange the observed matrix in each block as

follows, for convenience in performing the subsequent analysis.

T T T T T
VO =iy T =Y = e T (5.20)
N® = [ngk)T,ngk)T, n§§) 17, X0 =1y @ X® (5.21)

Then (1.3) can be re-written in the new notation as
PO — p R k) 4 A (5.22)

Given the signal transmitted in the k™ block, Y*) is CA (Y™ 0; Iy + XPXH")
distributed. The fading process being block independent, if we observe a sequence

of L blocks, the likelihood function of a sequence of space-time signals {X®}£_ is

PV YWY = Hp Y| ®)

_Hexp{ Yk INT+X( ) x (R)* )t k)}
TNT | Ty + X 6) X (k)

exp{—SF <y TP L Y X(k)*y(k)>}

()™

qLNT

The last step has been derived using the properties of the Kronecker product (®), the
properties of the unitary space-time constellation and the matrix inverse identities
listed previously. The Maximum Likelihood Sequence Detector detects that sequence
of space-time signals that maximises Y*)" X ®) X *)" YKk Thus the pairwise sequence

error probability is given by the probability

k=1

L
Pr{X®}E | (XL )= py (Z (y(k)*( 20 PR _ k) X(k)*)y(m) > 0)
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Let us define the following vectors.

YAl
X8 (k) Z Ty 0
Zk; o 7Z = ’J =
X R yk) : 0 —Iyun
7,

Note that because of the block independence of the fading process the vectors z; are

independent over k. With these definitions the required probability of error is

Pr{X®}i, — (XW}i,) = Pr(8 =

Ds(s) =

Z (IL ® J)Z > 0)
1
T+ sK,. (I, ® J)|

where K, = diag(K,, : 1 <k < L) is the covariance (and also correlation) matrix of

the random vector z where

K., = E[zz;|X®]
T (Tyyn + DeCWC® (14 L) )
= , where
(1+ %) c™ (1+ 57) Frluy
o — M gwxm
T,

With the structure of the signals assumed, the analysis that continues is similar to
that done in the previous section, with the change that for N > 1, each root in (5.18)

has multiplicity N.

5.4 Asymmetric Unitary Constellations

In [2], trellis coded unitary space-time modulations are suggested based on trel-
lis coded modulation systems for the AWGN channel, the difference being the use

of a unitary space-time constellation as the signal constellation. The output signal
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assignment to each transition is made using the Ungerboeck partitioning. In the
Ungerboeck partitioning for the unitary space-time constellations, the ‘distance’ no-
tion used is the average sum of squares of the singular values (§ as in (1.12)) between
2 signal points. This procedure is explained with an example with S = 4 signals in
T = 2 complex dimensions with M = N = 1 and a 2 state, rate 0.5 convolutional
code with overall rate 0.5 bits/sec/complex dimension.

The best unitary space-time constellation is first generated using the systematic
procedure (as suggested by [29]) which tries to minimizes the § over all the constel-
lations. This constellation was found to have the correlation profile as in table 5.1.

Note that d; ; depends only on (i —j) mod S, so that only 4 correlations specify the

Table 5.1: Correlation profile of designed symmetric signal constellation. S = 4
signals in 7" = 2 dimensions with M = N = 1.

i |0 1 2 3

dio | 11]0.7071 | 0 | 0.7071

)

entire correlation profile. The worst correlation (between distinct signals) is 0.7071
for differences 1 and 3 (mod 4) and the best correlation is 0 for a difference of 2 mod
4. The Ungerboeck partitioning for this is done as follows. S; = {0,2} and Sy =
{1,3}. This way the signals with the best correlations are in the same subset - i.e.,
intra-subset correlations are the best possible correlations and worse correlations oc-
cur between signals in different subsets - i.e., inter-subset correlations are bad. This
is analogous to signals with large distances being in the same subset and signals with
smaller distances being in different subsets in the AWGN case.

The trellis code assignment is then done as in Fig. 5.4. As in the symmetric
AWGN example presented earlier, there is no difference if the signals 1 and 3 are
exchanged. The shortest length error event is depicted in the Fig. 5.4 and this path

has the correlations (0,0.7071). This is also the path that has the minimum output
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Figure 5.4: 2 state trellis with output label assignment (symmetric constellation) for
the fading channel. Error events of length 2 and 3 shown.

Hamming distance which actually determines the time diversity of the code. The
upper bound can be written in this case just as in (5.1) with the slight difference that
now the pairwise error probability is the corresponding expression derived in Section
5.3 and not a Q(.) function. The general bound can be written as and specialized

for this example as

Py <> dy NiPy(c — e;n) (5.24)
l
:ngll)Nl PQ(plap%aplan) (525>

l

where Po(p1, pe, ..., pi;n) is the pairwise error probability at the SNR 7, for an error
event of length [ with correlation pj at the k' transition. The quantities dg), Ny,
and the specific combination of p;’s are obtained from the transfer function, which

for this case is

NI?DyD,

T(N, ]7 Dl,DQ,D3) — W (526)
- 3
=> N'I'DiD,D} (5.27)
=2
OT(N,I, Dy, Dy, D) -
= [—1)P P2, P3s - - -5 P35 5.28
BN - 12( )Pa(p1, pa, p3,- -+, p3;1) (5.28)

(1—2)times

where, the exponent of N is the Hamming weight of the input bit sequence that
resulted in the error, the exponent of I is the length of the error event. D is
the dummy variable that stands for the correlation between signals 0 and j. The

exponent of D; refers to the number of times the correlation between signals 0 and
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j occur in the error sequence. This has use in the computation of the exact pairwise
error probability function Ps(.).
For the specific example we are considering, the upper bound expression simplifies
to,
Py <> (I—1)P5(0,0.7071,0.7071,...,0.7071; 1) (5.29)
1=2
At high SNR we can consider the performance to be characterized by the error events

of length 2 and length 3. Under this assumption, the upper bound becomes
P, < P2(0,0.7071;n) + 2P5(0,0.7071,0.7071; n) (5.30)

In practice, since the pairwise error probability expressions derived in Section 5.3,
were derived only for the cases of distinct p’s or equal p’s, the p’s were slightly
perturbed so as to avoid computational instabilities.

One possible procedure that can be followed to design constellations that we call
in this thesis, Asymmetric Unitary Space-Time signal Constellations is as follows.
First the Ungerboeck partitioning is done as mentioned above. Then one subset say

Sy is taken and a rotation is done as follows.
S} =0%S; S, =0°%S; where a € (—1,1).

where the © is the matrix obtained upon doing a minimization over ug,...,ur to
find the smallest 0 (see (1.14)). This rotation destroys the cyclic symmetry of the
correlation profile and changes the correlation values as well.

For a« = —0.5 the correlation profile is given in table 5.2. For the same output
label assignment the critical path is parameterized by the correlations (0,0.3827)

which is better than (0,0.7071) for the code employing the symmetric constellation.
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Table 5.2: Correlation profile of designed asymmetric signal constellation, a = —0.5.
51',]' 0 1 2 3
0 1 0.3827 0 0.9239
1 ] 0.3827 1 0.9239 0

2 0 0.9239 1 0.3827
3 10.9239 0 0.3827 1

The error path of length 3 has the correlations (0,0.9239,0.3827) which is worse than

the error path with correlations (0,0.7071,0.7071).

For o = —0.2 the correlation profile is given in table 5.3. In this case, the critical
Table 5.3: Correlation profile of designed asymmetric signal constellation, o = —0.2.
5,1 0 1 2 3

0 1 0.5878 0 0.8090
1 | 0.5878 1 0.8090 0

2 0 0.8090 1 0.5878
3 1 0.8090 0 0.5878 1

path is parameterized by the correlations (0,0.5878) which is better than (0,0.7071)
for the code employing the symmetric constellation but slightly worse than (0,0.3827).
However the length 3 error path has the correlations (0,0.8090,0.5878) which is better
than the one for a = —0.5.

At high SNR, if we consider the performance to be determined by the length 2
error event, then we can get an upper bound on the achievable gain by changing
the correlation between signals 0 and 1 from 0.7071 to 0.0. Thus, the length 2 error
event has the correlations (0,0) which is expected to be better than (0,0.7071). The
performance of these three codes and the upper bounds to the bit error probability
are presented in Fig. 5.5.

As expected the performance of the code employing the asymmetric signal con-
stellation is better by about 0.45 dB at 2 x 10~ bit error probability. However this

performance gain is seen only at high SNR and this is what is expected to occur. As
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Figure 5.5: Simulation results for the 7' =2, M = N = 1, § = 4, rate 0.5 trellis
code for the fading channel.
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noticed above, the length 3 error path is best for the symmetric code, a little worse
for the asymmetric code with o = —0.2 and the worst for the asymmetric code with
a = —0.5. The effect of these and higher length error events cause the symmetric
code to perform better at low SNR than the asymmetric codes. It must be stated
that although the values of a were chosen here randomly, the optimum value of «
computed based on the upper bound expression resulted in a performance almost
identical to the one produced by @ = —0.2. From the bit-error probability upper
bounds plotted in Fig. 5.5, it is seen that the maximum gain achievable through the
use of asymmetric constellation is 1.5 dB.

Although the gains seen in this case are minimal, it must be understood that the
space over which the modulation design was done was restricted, since the energy of
the signal transmitted by each antenna at any time is 1. We expect that expand-
ing the design space to include modulations that don’t have this restriction might
produce some gain. To do this, one has to move away from creating constellations
from the DFT matrices as done in [29]. Using multiple energy level constellations
(analogous to moving from PSK to QAM modulations in the AWGN case) might
give some more gain. Also, as seen from Fig. 5.5, the gains are visible only at high
SNR. For many applications, however, the performance at low SNR may actually be
more important, e.g., Turbo Codes. With a low SNR gain in mind, another asym-
metric modulation scheme involving 4 signals over a 4-state code is produced in the

following section.

5.5 Effect of increasing the state space

The main theme of this procedure is to redistribute resources among the 4 signals

such that there is a gain at low SNR over a symmetric system used with the code in
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Fig. 5.6. The trellis with the output label assignment and length 3 and 4 simple error

0 0 0 0

Figure 5.6: 4 state trellis for S = 4 signals in 7" = 2 dimensions, M = N = 1.
Overall rate 0.5 bps/dimension.

events are shown in Fig. 5.6. For the symmetric constellation with the correlation
profile as in Table 5.1, the length 3 error event has the correlations (0, 0.7071, 0)
and the length 4 error event has the correlations (0, 0.7071, 0.7071, 0). The transfer

function for the trellis in Fig. 5.6 is

NI?D,D? + N?I*D2D? — N2I*D?D?
T(N717D17D27D3): ! 2+ P} 23 L2 3 (531)
1 — (NID, + N23D,D2 + NI*DyD, — N2I*D,D?)

= (NI?D,D; + N*I*D;D3 — N*I*DiD3)

(1+ ) J(NIDy+ N’I*DyDj + NI’ DyDy — N*I*DyD})')
=1

(5.32)
where the symbols D; are as explained earlier. From the exact pairwise error deriva-
tions we know that for a given sum of squares of the correlation, the pairwise error
probability is the least when the correlations are equal. From the length 4 error
event, we see that the correlations are (0, 0.7071, 0.7071, 0), i.e., very biased correla-
tions. So, the length 4 error event with the correlations (0.5, 0.5, 0.5, 0.5) would be

better than one with (0, 0.7071, 0.7071, 0). In effect, the ‘distance’ between signals
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0 and 1 and 0 and 3 has to be decreased from 0.7071 at the cost of the ‘distance’
between 0 and 2 and 1 and 3 which are increased from 0. Thus a new asymmetric
constellation can be generated in this form from the symmetric constellation (sys-
tematically) as follows — take signals 0 and 2 (which are initially orthogonal) and
separate them in space on the plane that contains both of them, while bringing the
signals 1 and 3 (again initially orthogonal) closer on the plane which contains these
two signals. Since the correlation between 2 signals depends on the cosine of the
angle between the two, both separating and bringing the signals together (from or-
thogonal positions) has the effect of increasing their correlations. This is done easily
by adding/subtracting a fraction of the difference between the two signals. The par-
ticular fraction used is called a.. The signals are normalized once again to have unit

power. The Fig. 5.7 can be used as a visualization aid for this procedure. In the

(a) (b)

Figure 5.7: (a) Symmetric constellation. (b) Construction of Asymmetric constella-
tion

figure, the new un-normalized signals are the primed quantities. The signals 1 and

3 have been brought closer to each other by 2, i.e., each signal was moved towards
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the other by a fraction « of the length of difference between the signals (it is useful
to think of the signals as vectors). It should be noted that the normalization in the
construction entailed above gives signals in which all components do not have equal
power. However, the total power of the signal is 1.

In bringing the two signals closer, if & = 0.5 is used, then the two signals merge
together, and the constellation becomes 3-ary instead of 4-ary. Given a starting
symmetric constellation, the parameter « is sufficient to specify the asymmetric
constellation. For two particular values, o« = 0.2 and o = 0.4, the correlation tables
are given in Table 5.4 and 5.5. In both these constructions, the signals 1 and 3 were
brought closer to each other and the signals 0 and 2 were moved away from each

other.

Table 5.4: Correlation profile of designed asymmetric signal constellation, o = 0.2.
i j 0 1 2 3

0 | 1.0000 | 0.6509 | 0.3243 | 0.6509
1 1 0.6509 | 1.0000 | 0.6509 | 0.4706
2 10.3243 | 0.6509 | 1.0000 | 0.6509
3 10.6509 | 0.4706 | 0.6509 | 1.0000

For o« = 0.2, the length 3 error event has the correlations (0.3243, 0.6509, 0.3243),
and the length 4 error event has the correlations (0.3243, 0.6509, 0.6509, 0.3243).
Thus we see that the length 4 error event has less biased correlations than (0, 0.7071,
0.7071, 0) and performs better, following the observation regarding the pairwise error
probability made earlier in this section. The same holds for longer error events. How-
ever, the length 3 error event does not perform as well, but is not much worse than
the one with correlations (0, 0.7071, 0). At low SNR, since the bit error probability
is determined not only by the first term, but by a number of terms in the expansion

in (5.32), the asymmetric system is expected to perform better at low SNR. At high
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SNR, the length 3 error event dominates and hence the gain should disappear. The

performance results in Fig. 5.8 confirm these expectations.

Table 5.5: Correlation profile of designed asymmetric signal constellation, o = 0.4.
51',]' 0 1 2 3

0 | 1.0000 | 0.5061 | 0.5283 | 0.5061
1 1 0.5061 | 1.0000 | 0.5061 | 0.9231
2 1 0.5283 | 0.5061 | 1.0000 | 0.5061
3 1 0.5061 | 0.9231 | 0.5061 | 1.0000

For oo = 0.4, the length 3 error event has the correlations (0.5283, 0.5061, 0.5283),
and the length 4 error event has the correlations (0.5283, 0.5061, 0.5061, 0.5283).
Thus we see that the length 4 error event has less biased correlations than (0, 0.7071,
0.7071, 0). In fact, these are almost the least-biased correlations possible. Therefore,
the length 4 error event performs better in terms of bit-error probability than the
corresponding one for the symmetric constellation. The same holds for longer error
events. However, the length 3 error event performs much worse than the one with
correlations (0, 0.7071, 0). At low SNR, since the bit error probability is determined
by a number of terms in the expansion in (5.32), the asymmetric system is expected
to perform better at low SNR. In this case however, the performance at high SNR is
not only determined by the length 3 error event but also by the correlation between 1
and 3 (0.9231). The correlation of 0.9231 causes longer error events to have effectively
lower output Hamming distance, i.e., smaller time diversity. Hence at high SNR, this
code is expected to perform much worse than the symmetric case. The performance
results in Fig. 5.8 confirm these expectations.

In the following section, the signal space is increased from 4 to 8 to understand the
behavior of gain from the usage of asymmetric unitary constellations with increasing

signal space. In this case, we only study the signal constellations obtained from the
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Figure 5.8: Simulation results for the T'=2, M = N = 1, S = 4, rate 0.5 trellis
code for the fading channel.
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first construction method.

5.6 Effect of increasing the signal space

By increasing the modulation size to 8, i.e., 8 signals in 2 dimensions, we are
crowding more number of signals in the same space. This is analogous to increasing
the size M of M-PSK constellations for the AWGN channel. The best symmet-
ric unitary signal constellation obtained by the usual systematic procedure has the

correlation profile given in Table 5.6. The Ungerboeck partitioning is done as the

Table 5.6: Correlation profile of designed symmetric signal constellation. S = 8
signals in 7' = 2 dimensions with M = N = 1.

1|0 1 2 3 4 5 6 7
dio | 10.3827 | 0.7071 | 0.9239 | 0 | 0.9239 | 0.7071 | 0.3827

following. At the first level, S; = {0,4,2,6} and Sy = {1,5,3,7}. This is the
best partition possible because the maximum (worst) correlation is eliminated from
the intra-subset correlation. At the second level, S; and Sy are partitioned into
S = {0,4}, S12 = {2,6}, and So; = {1,5}, Seo = {3, 7} respectively. The trellis
code (hand-designed) that gives the best performance is given in Fig. 5.9, which also
shows the length 3 and 4 simple error events. These two error events are character-
ized by the triplet and quadruplet of correlations (0, 0.7071, 0.3827) and (0, 0.7071,
0.9239, 0.3827) respectively. These correlations are the result of the errors between
the pairs of sequences 0,0,0 and 4,2,1, and 0,0,0,0 and 4,6,3,1, respectively. Thus
for the same trellis structure, if the correlations between 0 and 3 and 0 and 1 are
reduced, then we might get a gain. Using a = —0.1, if we rotate the signals in subset
Sy, we get a constellation with the correlation profile as in Table 5.7. For this con-
stellation, the corresponding length 3 and length 4 error events have the correlations

(0, 0.7071, 0.1951) and (0, 0.7071, 0.5556, 0.1951) respectively. So we expect a gain



118

Figure 5.9: 4 state trellis for S = 8 signals in 7" = 2 dimensions, M = N = 1.
Overall rate 0.5 bps/dimension.

Table 5.7: Correlation profile of designed asymmetric signal constellation, « = —0.1.
S = 8 signals in 7" = 2 dimensions with M = N = 1.
0 1 2 3 4 5 6 7
1 0.1951 | 0.7071 | 0.5556 0 0.9808 | 0.7071 | 0.8315
0.1951 1 0.8315 | 0.7071 | 0.9808 0 0.5556 | 0.7071
0.7071 | 0.8315 1 0.1951 | 0.7071 | 0.5556 0 0.9808
0.5556 | 0.7071 | 0.1951 1 0.8315 | 0.7071 | 0.9808 0
0.9808 | 0.7071 | 0.8315 1 0.1951 | 0.7071 | 0.5556
0.9808 0 0.5556 | 0.7071 | 0.1951 1 0.8315 | 0.7071
0.7071 | 0.5556 0 0.9808 | 0.7071 | 0.8315 1 0.1951
0.8315 | 0.7071 | 0.9808 0 0.5556 | 0.7071 | 0.1951 1

S
<

| O O = | W[N] O
[a)
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over the symmetric system. However the gain is expected to be marginal because
the change in the correlation is from 0.3827 to 0.1951 in the length 3 error event,
which does not produce too much improvement. The transfer function for this trellis

(same notation as before) is

NI*D,DsD, — N?I*D,DsD,D-
T(N7 I7 D17D27D37D47D57D67D7) = 1 — (NID7 + ]\[IQDQI)5 _ N2]3D2D5D7)

(5.33)
- (N[3D1D2D4 - N214D1D2D4D7)

(1+ ) (NID; + NI’D;D5 — N*I° Dy D5 D-)")
=1

(5.34)

The simulation results presented in Fig. 5.10 for these two codes indicate a 0.22
dB gain for the code using the asymmetric signal constellation over the symmetric
signal constellation.

Comparing the performance of the symmetric constellation (S = 4) in Fig. 5.8
with that in Fig. 5.10 (S = 8) reveals that the S = 8 constellation performs better.
The reason for this is that in the case of the code using S = signals, each signal
is repeated once (see Fig. 5.6) and therefore for sufficiently long (> 5) error events
some of the correlations become 1. In other words, the effective hamming distance
of these error events is less than the length of the error event. This does not happen
in the S = 8 case as no signal is repeated (see Fig. 5.9). However the S = 8 case is
only slightly better because it has a correlation 0.9239 which is almost as bad as a

correlation 1.
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Figure 5.10: Simulation results for the T'=2, M = N =1, S = 8, rate 0.5 trellis
code for the fading channel.



CHAPTER 6

Conclusions

The main results presented in this thesis are briefly summarized below:

e Two transmission/reception schemes are proposed for fast fading MIMO chan-
nels with increasing degree of sophistication. The first one uses simple pilot-
symbol-assisted schemes based on decomposable constellations, augmented by
turbo-like outer codes. It is shown that this scheme together with a simple
pilot-only demodulator is exactly equivalent to an appropriately degraded per-
fect CSI system. The second scheme uses pilot-assisted modulation and a near-
optimal low complexity receiver algorithm that takes advantage of the signaling
structure to reduce complexity. In examples of systems operating at different
rates, the combination of the pilot-assisted modulation and the low-complexity
demodulation scheme showed the amazing and counter-intuitive result of bet-
ter performance with lower complexity. Although the examples shown above
use orthogonal schemes, only the general structure in (2.43) is required for the

applicability of the proposed low-complexity algorithm.

e The capacity achieving signal distribution for the block-independent Rayleigh
fading channel was partially characterized. The capacity was shown to be de-

termined by the distribution of the amplitude of the input. Further, the said
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amplitude distribution was shown to have bounded support. Following indica-
tions from the literature that the amplitude distribution could be discrete, we
showed that starting from a single amplitude unitary scheme, adding proba-
bility mass to the zero amplitude signal while maintaining the overall average
energy, increases the mutual information. Through numerical simulations, it

was found that at low SNR, this increase is significant.

Motivated by the capacity results for the case of low SNR and very fast fading
channels, a simple and novel system is proposed that incorporates in an effi-
cient way the transmission of the zero block. Using simulations the potential
of the proposed coding/modulation scheme and decoding techniques is estab-
lished both in terms of performance and in terms of receiver complexity. Some
analysis of the proposed scheme was presented to validate the technique and

to provide projections of the expected gain.

The concept of joint design of modulation and coding was presented. Specifi-
cally, given a particular trellis code, two design methodologies for constructing
asymmetric unitary space-time constellations were shown. One design tech-
nique suggested here performs better than the symmetric constellation at high
SNR, while the other does better at low SNR. Performance gains (albeit mar-
ginally) were seen over conventional systems without a combined modulation
and code design approach. These marginal improvements are attributed to
the insensitive nature of the pairwise error probability in certain ranges of the
‘correlation’. To predict the performance and to design these codes, pairwise
probability of error expressions were derived for the transmission of a sequence

of space-time signals. For the special case of M = N = 1, closed form expres-
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sions were obtained for a couple of special cases.

Directions for future work and extensions to the above work are listed below:

1. As mentioned above in the conclusions, one counter-intuitive fact that arose

from this work is that pilot-assisted signal constellations perform better than
the corresponding unitary constellations. The reason behind this is yet to
be understood clearly but it relates to the possible sub-optimal nature of the
specific unitary constellation used. Further work needs to be done to determine
the reason for such a gain in performance and complexity and whether and how

better schemes can be constructed.

. It was shown in Chapter 3 through numerical capacity evaluations, that sub-
stantial gains are to be attained if the zero amplitude is used in conjunction
with unitary signalling for the case of very fast fading. However, a formal proof
of the existence of the zero amplitude in signal distributions that achieve the
capacity of the SISO block fading channel is missing. In a recent work [43],
a conjecture was made that for the single antenna block fading channel with
average power constraint, the capacity achieving signal distribution comprises
of unitary signals but with discrete amplitude levels. There is yet no knowledge
of what these amplitude levels are. For that matter, the true capacity of the
SISO channel with non-coherent reception at low SNR and low rates is yet an
open problem. Another important extension is to see whether these results

hold for multiple-antenna systems.

. The substantial SNR gain indicated by the numerical results in Chapter 3
when using the zero symbol and the fact that some of this gain can be attained

through the simple system that was proposed in Chapter 4, begs the question:
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Are there any system designs that can better harness the shaping gain suggested
by information theory? The reason behind asking this question is that the zero-
parsing scheme suggested in Chapter 4 cannot be analyzed easily for larger
values of L and Ly. This in turn raises the question, how well the zero-parsing
scheme with naive soft metrics for determining the zero blocks will perform for
L > 2. On the other hand, the optimal way of determining the bit reliabilities
for Code 1, has complexity that increases swiftly with increasing L for a given
po- Hence a different strategy must be examined in order to reach closer to
the constrained 2 amplitude level capacity of the channel. The bit sequences
from the turbo like codes are essentially like Bernoulli sequences of 0’s and 1’s
appearing in an equally likely fashion. However information theory suggests
that for some portion of time, the zero symbol must be transmitted while in
the remaining time, the antennas must be used to transmit unitary signals
of a different amplitude. This problem can be formulated as the requirement
of general mapping techniques from Bernoulli sequences to non equiprobable
multi-level signal constellations. Also required is a corresponding de-mapping
technique so that the demodulation procedure has sufficiently low complexity
so as to be implemented. There is some literature [17] on this problem which
occurs for instance while attempting to capture the shaping gain in the Additive
White Gaussian Noise (AWGN) channel. by mapping sequences to multi-level

signalling schemes.

. In all the examples shown in Chapter 2, when compared to the constellation
constrained capacity of the channel, it is found that even optimized irregular
LDPC codes are 1 — 1.5 dB away from the respective constrained capacity

calculations. Part of this gap is due to the finiteness in the codelength for
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the LDPC code. However, such a gap from capacity has been reported by
other researchers [8] when using codelengths in the range 64000. A conclusive
explanation for this gap from theoretical limit is an interesting line of research.
For the Binary Symmetric Channel (BSC), the Binary Erasure Channel (BEC),
and the Binary Input AWGN (BI-AWGN) channel, a substantial body of work
exists detailing the construction of turbo like codes that reach as close as tenths
of a dB from capacity. For the Rayleigh fading channel with perfect CSI [30]
used density evolution to get the noise thresholds of LDPC codes and further
used this technique to design good irregular LDPC codes. LDPC code design
for the non-coherent fading channel is still in its infancy. The most common
method used for designing LDPC codes for this channel is the use of EXIT
charts. The EXIT chart method essentially tracks the convergence process of
iterative decoding through a single parameter. Although a number of metrics
have been suggested in literature [51,52], the most robust and hence the most
commonly used metric is the mutual information between the soft information
output at the end of each (SISO block) iteration and the transmitted bits. The
most common turbo-like system design involves the concatenation of an outer
code and an inner modulation code. At the receiver, one can either perform
(repeatedly) one decoding iteration of the inner code followed by one decoding
iteration of the outer code and repeat this for a specified number of iterations
or repeatedly perform one decoding iteration of the inner code followed by n
decoding iterations of the outer code. When using LDPC outer codes and
the former reception methodology, EXIT charts can be used to design the
LDPC code by combining the variable node decoder of the LDPC decoder

and the inner demodulator/decoder and deriving/computing the input-output
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characteristics of this combined entity. On the other hand, for the second
case, EXIT charts cannot be directly used since now the LDPC decoder has
memory between iterations. This cannot be modelled by an EXIT chart. One
work around to this problem is to describe the EXIT chart for the LDPC
code assuming the use of infinite iterations so that the internal messages have
converged. Since there is no benefit to having the internal messages, the LDPC
decoder can be considered to start afresh. However for the case of finite number
of iterations, EXIT chart based designs must be explored. We call this the
problem of describing EXIT charts for systems with memory and intend to

explore this problem.
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ABSTRACT

CODE AND RECEIVER DESIGN FOR THE NON-COHERENT FAST FADING

CHANNEL

by

Arvind Krishnamoorthy

Chair: Achilleas Anastasopoulos

We consider the problem of communication over a wireless fading channel, when
the channel state information (CSI) is not available at the transmitter and the re-
ceiver. To take the channel dynamics into account, we consider a block independent
Rayleigh fading model. This work deals with the design of coding/modulation and
demodulation/decoding schemes for single- or multiple-antenna systems with focus
on fast to very fast fading channels.

We explore two possible solutions for this channel with increasing degree of so-
phistication. The first one utilizes pilots at the transmitter and a simple and explicit
non-iterative channel estimation algorithm at the receiver. We show that this pilot-
assisted system is exactly equivalent, in terms of performance analysis and design,

to an appropriately “degraded” system having perfect CSI at the receiver. Noting



that this simple receiver design can be improved especially for high channel dy-
namics, we propose a family of well-justified and simple suboptimal iterative detec-
tion/estimation algorithms. It is shown that when turbo-like codes are considered in
conjunction with the aforementioned pilot assisted transmission scheme and the pro-
posed receiver algorithm, the unitary constellations investigated in the literature are
inferior to simple pilot-assisted constellations in both complexity and performance.

Specific instances of the proposed systems (that use optimized irregular LDPC
outer codes) are designed. The design examples provided show that the proposed
systems can achieve a good tradeoff between complexity and performance and can
be used to bridge the gap between the high complexity/high performance optimal
scheme and low complexity /mediocre performance non-iterative estimation/coherent
detection scheme.

In order to get a better understanding of the fundamental limitations regard-
ing the transmission over fading non-coherent channels, we attempted to completely
characterize the input distribution that achieves the capacity of the block-independent
Rayleigh fading channel. The mutual information expression for this channel was re-
duced from a multi-dimensional integral to an integral in two real variables that
represent the amplitude of the input and the output, thus determining that the
capacity is completely specified by the input amplitude distribution. Particularly
we show that the capacity achieving input is isotropically distributed, unitary and
has an independent amplitude distribution that has bounded support. Based on a
well-founded conjecture in the literature that the amplitude distribution is discrete,
we show also that starting from a single amplitude scheme, adding some probability
mass to the zero amplitude increases the mutual information achieved. This fact is

illustrated through numerical evaluations as well.



Finally, the code design problem for very fast fading channels is considered and
based on the information theoretic analysis, a novel system design that incorporates
the zero mass point is proposed. Through constrained capacity analysis and Monte-
Carlo simulations, this system is shown to provide some of the gain promised by the
information theoretic analysis. Simulations of the proposed system report at least

0.55 dB gain over conventional systems with no additional complexity.



