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Characterizing Non-Myopic Information Cascades in Bayesian

learning

Ilai Bistritz and Achilleas Anastasopoulos

Abstract

We consider an environment where many players need to decide whether to buy a certain product (or adopt a

trend) or not. The product is either good or bad, but its true value is not known to the players. Instead, each player

has his own private information on the quality of the product. Each player can observe the previous actions of other

players and deduce the quality of the product. A player can only buy the product once. In contrast to the existing

literature on informational cascades, in this work players get more than one opportunity to act. In each turn, a player

is chosen uniformly at random from all players and can decide to buy or not to buy. His utility is the total expected

discounted reward, and thus myopic strategies may not be best responses. We provide a characterization of structured

perfect Bayesian equilibria (PBE) with non-myopic strategies through a fixed-point equation of dimensionality that

grows only polynomially with the number of players. Based on this characterization we study informational cascades

and show that they happen with high probability for a large number of players. Furthermore, only a small portion of

the total information in the system is revealed before a cascade occurs.

I. INTRODUCTION

When a new trend or product comes out, one cannot be certain about its quality yet. Many people together might

have a better idea about the quality, but in a strategic environment players act individually. Hence, other players’

opinions can be revealed only by their actions. This means that waiting to see what other people do might provide

more certainty about the quality of the product. On the other hand, many products or trends which turn out to be

beneficial are better to be adopted as early as possible, since their value can decay over time.

This interaction can be formalized using a dynamic game with asymmetric information and a discounted utility.

Players want to maximize their overall utility, so they might postpone their decision to buy until more information is

revealed. This generalizes the sequential Bayesian learning to a setting with non-myopic players and no predefined

order of play.

Sequential learning has been extensively explored in the literature, with a special focus on a phenomenon known

as an informational cascade [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11]. This is a situation when no player

has an incentive to reveal his private information, hence learning stops in the system. This is an interesting case

of herd behavior that happens even with fully rational players. In [1], [2], [3], [4], [5], [6], [7], [10], [8], players
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act in a sequence that is predefined before the game starts. When the turn of a certain player arrives, he has no

choice but to either buy the product if it seems profitable to him at the moment or forever forgo the opportunity.

In this case, it is natural to wonder whether cascades occur because this one-shot opportunity was forced upon the

players. Maybe if players had the freedom to choose to wait and gather more information about the product, a

herd behavior, especially a wrong one, could have been avoided. This question provides the motivation for studying

information cascades in more complex environments. In [12], informational cascades were defined for a general

dynamic scenario. However, no evidence for their occurrence was provided.

From a technical perspective, the sequential one-shot framework is conceptually easier since players do not have

to account for how much their estimation on the value of the product is going to improve by waiting. This is simply

because players are given a single opportunity to act, and cannot wait. This renders the equilibrium analysis of

this scenario to be trivial. The equilibrium consists of players that play their best-response in a sequential manner.

In the non-myopic scenario, the appropriate solution concept for dynamic games with asymmetric information is

a perfect Bayesian Equilibrium (PBE). Finding a PBE is crucial for establishing whether an informational cascade

occurs.

Analyzing the PBE of dynamic games with asymmetric information is by itself an interesting field of study.

Finding a PBE in a general dynamic scenario with asymmetric information is an extremely challenging task. In

[13], [14], [15], the independent types of players was exploited to introduce time-invariant structured strategies,

that lead to equations that can be solved for the (structured) PBE. Recently, the case of conditionally independent

types [16] and of dependent types [17] were studied and a systematic way to characterize structured PBEs was

developed. This characterization is not very useful in analysis because it results in a fixed-point (FP) equation over

beliefs, i.e., over an uncountably-infinite space.

The contributions of this paper are the analysis of PBE in a non-myopic scenario and proving that informational

cascades are likely to happen. In particular, we characterize structured PBE for the non-myopic scenario with no

predefined order of play through a FP equation of finite dimension. We further exploit the structure of the problem

to construct even simpler equations with polynomial (quadratic) dimension in the number of players N . These

equations can be solved numerically in practice even for relatively large N . We prove that if a solution to those

equations exists, then the probability for a cascade approaches one as the number of players approaches infinity.

Moreover, we show that the number of players who have revealed their information before the cascade is small -

which formalizes their inefficiency. Hence, our work provides a methodology to validate informational cascade in

large non-myopic scenarios. This is the first concrete evidence that informational cascades represent a much more

general phenomenon that has nothing to do with myopic decisions.

The rest of this paper is organized as follows. In section II we formulate the game of non-myopic players

and characterize structured PBEs through a FP equation on appropriate beliefs. In section III we summarize the

information contained in the aforementioned beliefs. Based on this summary we provide PBE characterizations

through FP equations with finite dimension In section IV we construct further summarized equations with a

polynomial dimension in N . In Section V we show that an informational cascade happens with high probability

(for large N ). Conclusions are drawn in Section VI.
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II. PROBLEM FORMULATION

Define an infinite horizon dynamic game with N players. Time is discrete and the current turn is denoted by t,

starting from t = 0. At each turn, a player is chosen uniformly at random to act, independently between turns. Only

a single player acts each turn. The random index of the acting player at time t is denoted Nt, and its realization

is nt.

There is a product with a random state V ∈ V = {−1, 1} where V = −1 means that the product is bad and V = 1

means that the product is good. We define Q (v) = Pr (V = v) and assume that Q (v = 1) = Q (v = −1) = 1
2 .

Each player has its own private information on the product. The private information of player n is the random

variable Xn ∈ X , {−1, 1}, with distribution

Q (xn|v) .= Pr (Xn = xn |V = v) =

 1− p xn = v

p xn 6= v
(1)

where p < 1
2 . Define the vector of private information as X = (X1, ..., XN ). The private information is independent

between players conditioned on the true value of V , so

Pr(X = x|V = v) =

N∏
n=1

Q(xn|v). (2)

Player n’s action at turn t, denoted by ant , is equal to 1 if player n decides to buy the product at time t and 0

otherwise. Nevertheless, only player nt can buy the product at time t.

Denote a0:t−1 = (a0, ..., at−1) and n0:t = (n0, ..., nt) , where at = (ant )n∈N . The total history of the game is

ht = (v, x, a0:t−1, n0:t) ∈ Ht. (3)

We assume each player can observe all the previous actions taken by his opponents. Hence the common history is

hct = (a0:t−1, n0:t) ∈ Hct . (4)

These actions provide him with additional information about the quality of the product. Together with his private

information, they form the private history of player n

hnt = (xn, a0:t−1, n0:t) ∈ Hnt . (5)

We define bt = (bnt )n∈N with bnt equal to ’1’ if and only if player n has bought the product up to time t.

A player’s pure strategy is a sequence of functions from the private histories of the game to the action space

(i.e., a decision whether to buy or not). In this work, we consider only pure strategies. Formally, player n’s strategy

is sn = (snt )
∞
t=0, with

snt : Hnt → An (bnt , nt) (6)

where

An (bnt , nt) =

{
{0, 1} bnt = 0 , nt = n

{0} o.w.
(7)
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so that any player n can buy the product only once, and at = 0 for all t afterwards. In all the turns in which we

say that player n does not act, he is compelled not to buy (“play zero”). The instantaneous reward of player n is

given by

ρn (ht) = ρ(v, ant ) = vant (8)

So ρ(v, ant ) = v only in the first time that player n buys the product, and 0 in any other case.

Note that for player n, the unknown variables in ht are X−n and V . Hence, we define the private belief of

player n on the history of the game as µnt : Hnt → P (X−n,V). Taking the expectation with respect to this belief

and the strategies in (6), we define the expected reward-to-go of player n as

Rn (st:∞, h
n
t ) = E(s,µnt )

{ ∞∑
t′=t

δt
′−t
n ρ (V,Ant′) |hnt

}
(9)

where δ∞n = 0. Note that no more than a single term in the sum (9) can be non-zero.

The strategies in (6) are a function of xn, a0:t−1 and n0:t. While a0:t−1 and n0:t are observable by all players,

xn is only known to player n. Throughout the paper, it will be useful to decompose those strategies as follows.

Definition II.1. Player n at time t observes hct and takes an action γt (x
n), where γt : X → An (bnt , nt) is the

partial function from his private information to his action. These functions are generated through some policy

ψt : Hct → {X → An} (10)

which operates on hct and returns a mapping from xn to an action, so γt = ψt [h
c
t ] and at = ψt [h

c
t ] (x

n).

Note that there are only four possible deterministic gamma functions γt: wait for any xn, buy for any xn, buy

according to xn and buy according to −xn. The last one is clearly dominated by one of the other three so it is

never considered. Hence, we remain with three possible functions, i.e., γ ∈ {0,1, I} .

A. Perfect Bayesian Equilibrium

Our main goal is to study when an informational cascade occurs. An informational cascade is defined as a state

of the game where learning stops since actions no longer reveal new information. To do so, we first have to study

the equilibrium strategies of this game. Since this is a dynamic game with asymmetric information, the appropriate

solution concept is a Perfect Bayesian Equilibrium (PBE), defined as follows.

Definition II.2. A PBE with pure strategies is a pair (s∗, µ∗) of

• A strategy profile s∗ = (sn∗)Nn=1.

• A belief profile sequence µ∗ = (µ∗0,µ
∗
1, ...), where the belief profile at time t is µ∗t =

(
µ1∗
t , ..., µ

N∗
t

)
.

such that sequential rationality holds - for each n, t and hnt ∈ Hnt , and each sn

Rn
(
s∗nt:∞, s

∗−n
t:∞ , hnt

)
≥ Rn

(
snt:∞, s

∗−n
t:∞ , hnt

)
. (11)
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B. Characterization of Structured PBE

We now present a methodology for characterizing structured PBEs where the strategy for the acting player nt de-

pends on the common history only through the common belief on the variables V,X (as well as the variable Bt−1). In

particular, we define the common belief πt ∈ P
(
V × XN

)
where πt(x, v) := P (X = x, V = v|a0:t−1, b0:t−1, n0:t).

We consider policies of the form at = ψt [h
c
t ] (x

nt) = θt [πt] (x
nt), i.e., γt = θt [πt]. In the following we will present

a fixed point equation for characterizing the mapping θ[.] .We first show that the belief πt can be updated using

only public information.

Lemma II.3. The belief πt can be updated according to πt+1 = F (πt, γt, at, nt). In particular, if γt 6= I , the

belief is not updated.

Proof: By simple application of Bayes’ rule we have

πt+1 (x, v) = Pr (x, v|a0:t, b0:t, n0:t+1) (12a)

= Pr (x, v|a0:t, b0:t−1, n0:t) (12b)

=
Pr (x, v, at|a0:t−1, b0:t−1, n0:t)
Pr (at|a0:t−1, b0:t−1, n0:t)

(12c)

=
Pr (at|x, v, a0:t−1, b0:t−1, n0:t) Pr (x, v|a0:t−1, b0:t−1, n0:t)

Pr (at|a0:t−1, b0:t−1, n0:t)
(12d)

=
1γt(xnt ) (at)πt (x, v)∑

x′,v′ 1γt(x′nt ) (at)πt (x
′, v′)

(12e)

Whenever the denominator is zero we can set πt+1 = πt.

Once the mapping θ [·] has been found through the FP equation (13), the sPBE strategies and beliefs are generated

through a forward recursion similar to the one in [17], as listed in (14).

Theorem II.4. Whenever the FP equation (13) has a solution, the forward construction described in (14) generates

a PBE.

Proof: Due to space limitations we do not prove this result here. The reader is referred to [13], [14], [15] for

the details of the proof of a similar (simpler) case with independent types, and to [17] for the proof of a more

general case of dependent and time-varying types that subsumes this model1. This result can also be found in [16,

Chapter 5].

Note that the value functions evaluated in the FP equation (13) are functions of continuous beliefs π ∈ P
(
V × XN

)
,

i.e., on pmf’s on a set of size 2N+1 which renders this characterization inadequate for analytical and even numerical

evaluations due to the infinite dimensions. In the next section we show that due to the structure of the problem,

these equations can be simplified considerably. In particular we first show that the domain of these value functions

can be reduced to a finite set. We then show that with homogeneous players (i.e., players having the same δn), the

dimensionality of the fixed point equation is polynomial (quadratic) wrt N .

1We note that our results predate the more general treatment in [17].
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Fixed-Point Equation

For every n ∈ N , π ∈ P
(
V × XN

)
, b ∈ {0, 1}N we evaluate γ∗ = θ [n, π, b] as follows

• If bn = 1 then γ∗ = 0.

• If bn = 0 then γ∗ is the solution of the following system of equations, ∀xn ∈ X

γ∗ (xn) = argmax


δn
N

N∑
n′=1

V n (xn, n′, F (π, γ∗, 0, n) , b)︸ ︷︷ ︸
0=“don’t buy”

,
∑
v

vπ (v|xn)︸ ︷︷ ︸
1=“buy”

 (13a)

where the value functions for all m ∈ N satisfy

V m (xm, n, π, b) =



0, bm = 1

δm
N

∑N
n′=1 V

m (xm, n′, F (π, γ∗, 0,m) , b) , bm = 0, n = m, γ∗ (xm) = 0∑
v vπ (v|xm) , bm = 0, n = m, γ∗ (xm) = 1

δm
N

∑N
n′=1 E [V m (xm, n′, F (π, γ∗, γ∗ (Xn) , n) , b−nBn)] , bm = 0, n 6= m,

(13b)

where expectation in (13b) is wrt the RVs Xn and Bn with Pr
(
Xn = xn, Bn = b

′n|xm, n, π, b
)

=

Pr
(
Bn = b

′n|Xn = xn, xm, n, π, b
)
Pr (Xn = xn|xm, n, π, b) where

Pr (Bn = 1|Xn = xn, xm, n, π, b) =

 1 , if bn = 1 or γ∗ (xn) = 1

0 , else,
(13c)

and Pr(Xn = xn|xm, n, π, b) =
∑
ṽ π(x

n|ṽ)π(ṽ|xm).

Forward Recursion
1) Initialize at time t = 0,

µ∗0 [φ] (v, x) := Q(v)

N∏
i=1

Q(xi|v). (14a)

2) For t = 0, 1, 2 . . ., ∀n ∈ N , hct+1 ∈ Hct+1, xn ∈ X

sn∗t (hnt ) :=

 θt [nt, µ
∗
t [h

c
t ] , bt−1] (x

n) n = nt

0 o.w.
(14b)

and

µ∗t+1

[
hct+1

]
:= F (µ∗t [h

c
t ] , θt [nt, µ

∗
t [h

c
t ] , bt−1] , at, nt) . (14c)

the private beliefs µn∗t are generated from µ∗t as

µn∗t
(
x−n, v

)
=
µ∗t (x, v)

µ∗t (x
n)

(14d)
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III. COMPUTING A PBE THROUGH A FINITE-DIMENSIONAL FIXED-POINT EQUATION

In this section we exploit the structure of the problem to summarize the beliefs. We decompose the belief of

each player on the unknown variables x−n and v and show that each part can be updated recursively. Moreover,

these parts can be summarized into an integer vector. These two facts together allow to greatly simplify the FP

equations on the PBE, such that they become FP equations on Rd with d finite, and therefore tractable.

Naturally, a player is only interested in the previous actions since they carry information about the product.

However, not every action reveals the private information of the acting player. For that to happen, the action that

the player took must be determined by his private information.

Definition III.1. Define the revealed information of player n up to time t as the variable x̃nt ∈ {0,−1, 1} with

the meaning that x̃nt = 0 implies the user has not yet revealed his private information, while x̃nt = ±1 means the

player has revealed and the value is as indicated. Note that the quantity x̃nt can be recursively updated as

x̃nt =

 2ant − 1 γt = I, nt = n, x̃nt−1 = 0

x̃nt−1 o.w.
(15)

with the initial condition x̃n0 = 0. Note that x̃nt is a function of x̃n0:t−1, a0:t and n0:t, or equivalently of γ0:t, a0:t

and n0:t. We use the notation x̃t = F̃ (x̃t−1, γt, at, nt) to summarize the recursive update of x̃t.

The following lemma shows that the common belief decomposes into a belief on v and a belief on x. Specifically,

it proves that the private information variables {xm} are conditionally independent given v , hct .

Lemma III.2. The belief πt (x, v) = Pr (X = x, V = v|hct) can be decomposed as follows

πt (x, v) = πt (v)

N∏
m=1

πt (x
m|v) (16)

where πt (v) , Pr (V = v |hct) and πt (xm|v) , Pr (Xm = xm | v, hct).

Furthermore,

πt (x
m|v) =

{
1x̃mt (x

m) x̃mt 6= 0

Q (xm|v) x̃mt = 0
(17)

and the belief on V can be updated as

πt+1(1)

πt+1(−1)
=

πt(1)

πt(−1)
×

{ (
1−p
p

)2at−1
γt = I and x̃ntt = 0

1 o.w.
(18)

Finally, the belief on V can be explicitly expressed as

πt(1)

πt(−1)
=

(
1− p
p

)∑
n x̃

n
t

. (19)

Proof: See Appendix A.

Using the above structural results for the beliefs, we can simplify the fixed-point equation in (13). The resulting

simplified fixed-point equation is shown in (20).

The next theorem concludes this section by showing that (20) is equivalent to (13).
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Finite-Dimension Fixed-Point Equation

Denote q = 1−p
p . For every n ∈ N , x̃ ∈ {−1, 0, 1}N , b ∈ {0, 1}N we evaluate γ∗ = θ [n, x̃, b] as follows

• If bn = 1 then γ∗ = 0.

• If bn = 0 then γ∗ is the solution of the following system of equations, ∀xn ∈ X

γ∗ (xn) = argmax


δn
N

N∑
n′=1

V n
(
xn, n′, F̃ (x̃, γ∗, 0, n) , b

)
︸ ︷︷ ︸

0=“don’t buy”

,
q
∑
m x̃m+xn10(x̃n) − 1

q
∑
m x̃m+xn10(x̃n) + 1︸ ︷︷ ︸

1=“buy”

 (20a)

where the value functions for all m ∈ N satisfy

V m (xm, n, x̃, b) =



0, bm = 1

δm
N

∑N
n′=1 V

m
(
xm, n′, F̃ (x̃, γ∗, 0,m) , b

)
, bm = 0, n = m, γ∗ (xm) = 0

q
∑
m′ x̃

m′+xm10(x̃
m)−1

q
∑
m′ x̃

m′+xm10(x̃m)+1
, bm = 0, n = m, γ∗ (xm) = 1

δm
N

∑N
n′=1 E

[
V m

(
xm, n′, F̃ (x̃, γ∗, γ∗ (Xn) , n) , b−nBn

)]
, bm = 0, n 6= m,

(20b)

where expectation in (20b) is wrt the RVs Xn and Bn with Pr
(
Xn = xn, Bn = b

′n|xm, n, x̃, b
)

=

Pr
(
Bn = b

′n|Xn = xn, xm, n, x̃, b
)
Pr (Xn = xn|xm, n, x̃, b) where

Pr (Bn = 1|Xn = xn, xm, n, x̃, b) =

 1 , if bn = 1 or γ∗ (xn) = 1

0 , else,
(20c)

and

Pr(Xn = xn|xm, n, x̃, b) =


1x̃n(xn) , if x̃n 6= 0

Q(xn|−1)+Q(xn|1)q
∑
m′ x̃

m′+xm10(x̃
m)

1+q
∑
m′ x̃

m′+xm10(x̃m)
, if x̃n = 0.

(20d)

Theorem III.3. If a solution to the FP equation (13) exists, it can be found through a finite-dimensional fixed-point

equation. Specifically, the solution can be found through the fixed-point equation (20).

Proof: The result follows by showing that π can be computed using x̃. This makes the dimension of the

equations finite since each of the N strategies is a function of x̃ and b which are discrete-valued vectors with 6N

possible values.

In (13a) and (13b) we use

π (1 |xn) = 1

1 +
(

p
1−p

)∑
m x̃m+xn10(x̃n)

(21)

and in (13b) we also use

π (xm|v) =

{
1x̃m(xm) x̃m 6= 0

Q (xm|v) x̃m = 0
(22)
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IV. COMPUTING A PBE THOUGH A QUADRATIC-DIMENSIONAL FIXED-POINT EQUATION

In this section, we exploit the structure of the FP equation (20) to further simplify the equations such that they

have a polynomial dimension in N . For ease of presentation, we concentrate on the case of homogeneous players,

where δn = δ for all n. However, the results we present can be generalized to non-homogeneous players (with

different δ’s). The key for this simplification is the fact that the indexing of the players has no effect on the future

reward a player estimates he would get by waiting. Since x̃ contains this information, it can be reduced to the

following two sums.

Definition IV.1. Define the aggregated state information as

yt =

N∑
n=1

x̃nt ∈ Y. (23)

Further, define the indicator that player n has revealed his private information as rnt = |x̃nt |. Using znt =

max {rnt , bnt }, define the number of players who cannot reveal their private information after turn t by

wt =

N∑
n=1

znt ∈ W. (24)

We define the value function of the acting player Ua : X ×W×Y×{0, 1}2 → R, where Ua (x,w, y, r, b) means

that his private information is xn = x, he revealed if r = 1 and bought if b = 1, and w players cannot reveal any

longer and the aggregated state information is y. Similarly, we define the value function of the non-acting player

U r̃,bna : X × W × Y × {0, 1} → R ∀r̃, b ∈ {0, 1}2, where U r̃,b̃na (x,w, y, z) means that his private information is

xm = x, he revealed if r̃ = 1 bought if b̃ = 1, with an acting agent n who can reveal his private information if

z = 0, and w, y as before.

Finally, define the update functions of the next player parameters Gz, Grb and the next population parameters E

and EGz = (E,Gz) , EGrb =
(
E,Grb

)
as follows

Grb(r, b, γ, a) =


1, a , b = 0 and γ = I

r, a , b = 0 and γ 6= I

r, b , else

(25)

Gz(z, γ) =

 0 , if z = 0 and γ = 0

1 , else
(26)

E (z, w, y, γ, a) =


(w, y) z = 1 or (z = 0, γ = 0)

(w + 1, y) z = 0 and γ = 1

(w + 1, y + 2a− 1) z = 0 and γ = I

(27)

We consider the alternative FP equation (28). The next Theorem shows that by finding a solution to (28), we

obtain a solution to the FP equation (20). Since the equations (28) have a polynomial (quadratic) dimension in N ,

this significantly reduces the complexity of solving (20).
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Polynomial (Quadratic) Dimension Fixed-Point Equation

Denote q = 1−p
p . For every n ∈ N , w ∈ W , y ∈ Y , r, b ∈ {0, 1} we evaluate γ∗ = φ [w, y, r, b] as follows

• If b = 1 then γ∗ = 0.

• If b = 0 then γ∗ is the solution of γ∗(x) = argmax

 A︸︷︷︸
don’t buy

,
qy+x

n10(rn) − 1

qy+xn10(rn) + 1︸ ︷︷ ︸
buy

 ∀x ∈ X , where

A =
δ

N
Ua
(
xn, EGrb (rn, bn, w, y, γ∗, 0)

)
+
δ

N
(N − w − 1 + zn)UG

rb(r,b,γ∗,0)
na (xn, E (zn, w, y, γ∗, 0) , 0)+

δ

N
(w − zn)UG

rb(rn,bn,γ∗,0)
na (xn, E (zn, w, y, γ∗, 0) , 1) (28a)

where zn = max {rn, bn} and the value functions satisfy

Ua (x,w, y, r, b) =


0 b = 1

A b = 0, γ∗(x) = 0

qy+x
n10(rn)−1

qy+x
n10(rn)+1

b = 0, γ∗(x) = 1

(28b)

and for all r̃, b̃ if b̃ = 1 then U r̃,b̃na (x,w, y, z) = 0 and if b̃ = 0

U r̃,b̃na (x,w, y, z) =
δ

N
E
{
Ua

(
x,E (z, w, y, γ∗, γ∗ (Xn)) , r̃, b̃

)}
+
δ

N
E
{
U r̃,b̃na (x,EGz (z, w, y, γ∗, γ∗ (Xn)))

}
+

δ

N
(w − z − z̃)E

{
U r̃,b̃na (x,EGz (1, w, y, γ∗, γ∗ (Xn)))

}
+

δ

N
(N − w − 2 + z + z̃)E

{
U r̃,b̃na (x,EGz (0, w, y, γ∗, γ∗ (Xn)))

}
(28c)

where z̃ = max{r̃, b̃} and the expectation in the last equation is wrt the RV Xn:

– If z = 0 then Pr(Xn = xn|r̃, b̃, xm, w, y) = Q(xn|−1)+Q(xn|1)qy+x
m10(r̃)

qy+x
m10(r̃)+1

.

– if z = 1 then the expectation degenerates since for either Xn = −1 or Xn = 1 (i.e., with probability 1)

U r̃,b̃na (x,EGz (1, w, y, γ∗, γ∗ (Xn))) = U r̃,b̃na (x,w, y, z).

Specifically, given the solution U∗ of (28) (together with φ) we construct the following strategies and value

functions.

γ∗ = θ [n, x̃, b] = φ [w, y, rn, bn] (29)

Ṽ m (·, n, x̃, b) =

 Ua (·, w, y, |x̃n| , bn) , m = n

U
|x̃m|,bm
na (·, w, y, zn) , m 6= n

(30)

where note that w, y, rn, bn are all determined by x̃, b by (23) and (24). We will show that these value functions

are solutions of the original FP equation (20).

Theorem IV.2. The value functions (Ṽ m)m∈N together with the strategy mapping γ∗ = φ [·] satisfy the FP equation

(20).

Proof: See Appendix A.
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V. INFORMATIONAL CASCADES

In this section, we employ the results on computing a PBE to conclude that an informational cascade happens

even in a non-myopic scenario. We focus on the case of homogeneous players with δn = δ for all n, although

similar arguments can be applied to the general case. For any given game with homogeneous players, our results

allow to answer the question whether an informational cascade occurs in the game by solving equations with a

quadratic number (in N ) of variables. All that is required is for the FP equation (28) to have a solution so that a

PBE exists. This way, we can investigate informational cascades even in large games.

Definition V.1. Let φ be a solution to the FP equation (28). Define the random variable

ρt =

{
1 φ[wt, yt, rt, bt] = I and rt = 0

0 else
(31)

which indicates if the player that acts at turn t reveals his private information. Define the time of the i-th revealing

by τi = min
{
t |i =

∑t
t′=0 ρt′

}
.

The next lemma characterizes the reason why cascades still occur in a non-myopic scenario, and even relatively

fast.

Lemma V.2. Let φ be a solution to the FP (28). The induced process {YTi}i is a Markov chain where there exist

yR, yL such that for all yL < yτi < yR, if YTi+1
exists then

Pr
(
YTi+1 = y′|YTi = y

)
=


p+(1−p)qy
qy+1 y′ = y + 1

1−p+pqy
qy+1 y′ = y − 1

(32)

and yL, yR are absorbing states.

Proof: First we show the Markovianity of YTi

Pr
(
YTi+1 = y′|YT0:i = y0:i

)
= Pr

(
YTi +XNTi = y′ |YT0:i = y0:i

)
(33a)

= Pr
(
XNTi = y′ − yi|YT0:i = y0:i

)
(33b)

=
Q(y′ − yi|0) +Q(y′ − yi|1)qyi

qyi + 1
(33c)

= Pr
(
YTi+1

= y′|YTi = yi
)
. (33d)

Now we characterize the absorbing states. Since δ < 1, for Ymax =
⌈
1 + logq(

1+δ
1−δ )

⌉
we have

qYmax+x
n10(x̃n) − 1

qYmax+xn10(x̃n) + 1
> δ > δUa (x,wt+1, yt+1, rt+1, bt+1) . (34)

So either yR = Ymax is absorbing or there exists a yR < Ymax that is absorbing. In Yt = yR, all players, regardless

of xn, prefer to buy. Similarly, for Ymin = −2 we have

q−1 − 1

q−1 + 1
= 2p− 1 < 0 < δUa (x,wt+1, yt+1, rt+1, bt+1) (35)
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So either yL = Ymin = −2 or yL = −1 is absorbing. In Yt = yL, all players, regardless of xn, prefer to wait.

Hence, in Yt = yL or Yt = yR no more revealings occur and Yt (and YTi ) remains constant for all t′ > t with

probability 1.

The absorbing states of the Markov chain we defined above are informational cascades. However, an informational

cascade that occurs after all or almost all player have revealed their private information is of little interest. The

following theorem shows that this is far from being the case.

Theorem V.3. If a solution φ to the FP (28) exists, then the probability that an informational cascade occurs in

finite time approaches 1 as N →∞.

Furthermore, let MN be a sequence such that limN→∞
MN√
N

= 0 and limN→∞MN =∞.

1) The probability that less than MN players have revealed their private information before the cascade occurred

approaches 1 N →∞.

2) If, in addition, the solution is such that φ [w, y, r, b] = 1 implies φ [ŵ, y, r, b] = 1 for all ŵ > w, then the

cascade happens in less than MN turns with a probability that approaches 1 as N →∞.

Proof: See Appendix A.

VI. CONCLUSIONS

We studied a Bayesian learning scenario with non-myopic players. Our scenario generalizes the classic myopic

and sequential one-shot scenario where informational cascades were first reported. This generalization requires an

intricate analysis of the PBE of the dynamic game. By introducing structured strategies, we constructed fixed-

point equations that can be solved for the PBE in finite time. In particular, with homogeneous players, they have

a polynomial dimension in the number of players N . This allows for evaluating informational cascades in large

games.

We proved that if a solution exists, than an informational cascade where only a small portion of the information

has been revealed happens with high probability for a large N . This suggests that informational cascades are a

general phenomena that is not limited to myopic scenarios. We conjecture that informational cascade can be shown

to happen in many other Bayesian learning scenarios.

Proving conditions under which a solution to our fixed-point equations exists remains an open problem. For

a game with a large number of players, we believe that explicit solutions can be found and verified using our

equations.
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APPENDIX A

PROOFS

A. Proofs of Lemma III.2

Proof: We have

Pr (hct |x, v) =
(a)

t−1∏
τ=0

snττ (at′ |xnτ , a0:τ−1) =

N∏
m=1

t−1∏
τ=0,nτ=m

snττ (aτ |xm, a0:τ−1) (36)

where (a) uses the fact that the strategy of each player is a function only of his private history. Hence

Pr (x | v , hct) =
Q (v) Pr (x|v) Pr (hct |x, v)∑

x′ Pr (v, h
c
t , x
′)

=

Q (v)
∏N
m=1Q (xm|v) Pr (hct |x, v)

Q (v)
∑
x′

(∏N
m=1Q (x′m|v) Pr (hct |x′, v)

) =

∏N
m=1Q (xm|v)

∏N
m=1

∏t−1
τ=0,nτ=m

snττ (aτ |xm, a0:τ−1)∑
x′

(∏N
m=1Q (x′m|v)

∏t−1
τ=0,nτ=m

snττ (at′ |x′m, a0:τ−1)
) =

N∏
m=1

Q (xm|v)
∏t−1
τ=0,nτ=m

snττ (aτ |xm, a0:τ−1)∑
x′m

(
Q (x′m|v)

∏t−1
τ=0,nτ=m

snττ (aτ |x′m, a0:τ−1)
) =

N∏
m=1

Pr (xm | v , hct) (37)

which means that the private information variables {xm} are conditionally independent given v , hct .

Now observe that

Pr (xm | v , hct) = Pr
(
xm | v , hct−1, at, nt+1

)
=

Pr
(
at | v , hct−1, xm

)
Pr
(
at | v , hct−1

) Pr
(
xm | v , hct−1

)
(38)

If γt 6= I or m 6= nt, then player m did not reveal his private information in turn t. Hence

Pr
(
at | v , hct−1, xm

)
Pr
(
at | v , hct−1

) = ∑
xnt Pr

(
at | v , hct−1, xm, xnt

)
Pr
(
xnt | v , hct−1, xm

)
Pr
(
at | v , hct−1

) =∑
xnt Pr

(
at | v , hct−1, xnt

)
Pr
(
xnt | v , hct−1

)
Pr
(
at | v , hct−1

) = 1. (39)

We arrive at the recursive equation

Pr (xn | v , hct) =

{
1x̃nt (x

n) γt = I, nt = n

Pr
(
xn | v , hct−1

)
o.w.

(40)

for which the solution is

Pr (xn | v , hct) =

{
1x̃nt (x

n) x̃nt 6= 0

Q (xn|v) x̃nt = 0
(41)
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If γt 6= I or x̃ntt 6= 0 then πt+1 (1) = πt (1). If instead γt = I and x̃ntt = 0 then the belief on v can be updated as

πt+1 (1) = Pr (V = 1|a0:t, n0:t+1) =

Pr (V = 1|a0:t, n0:t) =
Pr (V = 1, at|a0:t−1, n0:t)

Pr (at|a0:t−1, n0:t)
=

Pr (at|V = 1, a0:t−1, n0:t) Pr (V = 1|a0:t−1, n0:t)
Pr (at|a0:t−1, n0:t)

=

Pr (at|V = 1, a0:t−1, n0:t)πt (1)

Pr (at|V = 1, hct)πt (1) + Pr (at|V = −1, hct)πt (−1)
=
(a)

p1−at (1− p)at πt (1)
p1−at (1− p)at πt (1) + pat (1− p)1−at (1− πt (1))

=

1

1 +
(

1−πt(1)
πt(1)

)(
p

1−p

)2at−1 (42)

where (a) follows since player nt reveals his private information at turn t, so it must determine his action and

Pr (at | v, hct) =  p1−at (1− p)at γt = I , v = 1, x̃ntt = 0

pat (1− p)1−at γt = I, v = −1, x̃ntt = 0
(43)

The initial condition for the recursive equation (42) is π0 (1) = Pr (v = 1) = 1
2 . As can be verified by substituting,

the solution is πt (1) = 1

1+( p
1−p )

∑
n x̃

n
t

, so the common belief is solely determined by
∑
n x̃

n
t .

B. Proof of Theorem IV.2

Proof: It is clear that the second term in (13a) is exactly the same in the FP (28). Now consider an active user

n with r and b = 0. Consider the first term in (13a). Define the update function

f (x̃n, γ, a) =

 2a− 1 γ = I, x̃n = 0

x̃n o.w.
(44)

where it follows from (15) that if n = nt then x̃nt+1 = f (x̃nt , γt, at). The new parameters of the active player

n are r̂ = |f(x̃n, γ∗, 0)| and b̂ = b = 0 or (r̂, b̂) = Grb(r, b, γ∗, 0) and (ŵ, ŷ) = E (zn, w, y, γ∗, 0) where
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zn = max {|x̃n| , bn}. The implication of the above is that the first term in (13a) will be

N∑
n′=1

Ṽ n
(
xn, n′, x̃−nf(x̃n, γ∗, 0), b−n0

)
=

Ṽ n
(
xn, n, x̃−nf (x̃n, γ∗, 0) , b−n0

)
+

N∑
n′=1,n′ 6=n

Ṽ n
(
xn, n′, x̃−nf (x̃n, γ∗, 0) , b−n0

)
=

Ua (x
n, ŵ, ŷ, r̂, 0) +

N∑
n′=1,n′ 6=n

U r̂,b̂na

(
xn, ŵ, ŷ, zn

′
)
=

Ua (x
n, ŵ, ŷ, r̂, 0) +

N∑
n′=1,n′ 6=n,zn′=0

U r̂,b̂na (xn, ŵ, ŷ, 0)+

N∑
n′=1,n′ 6=n,zn′=1

U r̂,b̂na (xn, ŵ, ŷ, 1) =

Ua (x
n, ŵ, ŷ, r̂, 0) + (N − w − 1 + zn)U r̂,b̂na (xn, ŵ, ŷ, 0)

+ (w − zn)U r̂,b̂na (xn, ŵ, ŷ, 1) (45)

A similar procedure can now be followed for the last summation appearing in (13c) with the only difference that

we now isolate two terms from the sum over n′, the acting player n and the player with index m.

C. Proof of Theorem V.3

Proof: If Yt remains constant with probability one for all t′ > t, then it is an informational cascade from

definition since yt sums all the revealed private information. Hence, the absorbing states of YTi are informational

cascades. We have shown that some YTi = yL ≥ Ymin and YTi = yR ≤ Ymax are absorbing. The values of both

yL, yR are independent of N . The transition probabilities of YTi are p+(1−p)qy
qy+1 for moving right and 1−p+pqy

qy+1 for

moving left, so they are also independent of N . We conclude that the distribution (specifically, expectation and

variance) of the absorption time is independent of N . Hence, for large enough N , the probability that the absorption

time is larger than MN vanishes to zero. This absorption time is counted in the number of revealings i. We conclude

that the probability that a cascade occurs before MN revealings occur approaches 1 as N →∞.

Now assume that φ [w, y, r, b] = 1 implies that φ [ŵ, y, r, b] = 1 for ŵ > w. Denote the number of turns up to

turn MN where the acting player nt has rnt = 1 or bnt = 1 by R (MN ), which is stochastically dominated by a

binomial distributed variable with p = MN

N and MN trials since

Pr (yt+1 = yt |wt) =
wt
N
≤ MN

N
. (46)

Hence, we get from Theorem A.1.11 in [18] that for all N > 0

Pr

(
R (MN ) ≤ M2

N

N
+
√
2

)
≤ e
− N

M2
N

+
√
2 N2

M4
N . (47)

Therefore, we conclude that with high probability, at least MN − 2 of the first turns are of players with zn = 0.

Assume that in turn t < MN − 2 the acting player did not reveal his private information.
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• If he waited, then wt+1 = wt and yt+1 = yt. The next player with zn = 0 will also wait since he uses the

same strategy γ∗ = φ [w, y, r, b].

• If he bought, then wt+1 = wt + 1 and yt+1 = yt. The next acting player with zn = 0 will also buy for

xn = −1, 1 (and not reveal) since wt+1 > wt.

The same argument applies for all subsequent players with zn = 0 , and from definition to players with zn = 1,

so a cascade occurred.
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